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THE TORAL RANK CONJECTURE
AND VARIANTS OF EQUIVARIANT FORMALITY
MANUEL AMANN AND LEOPOLD ZOLLER
Abstract. An action of a compact Lie group is called equivariantly formal, if the
Leray–Serre spectral sequence of its Borel fibration degenerates at the E2-term. This
term is as prominent as it is restrictive.
In this article, also motivated by the lack of junction between the notion of equivari-
ant formality and the concept of formality of spaces (surging from rational homotopy
theory) we suggest two new variations of equivariant formality: “MOD-formal actions”
and “actions of formal core”.
We investigate and characterize these new terms in many different ways involv-
ing various tools from rational homotopy theory, Hirsch–Brown models, A∞-algebras,
etc., and, in particular, we provide different applications ranging from actions on sym-
plectic manifolds and rationally elliptic spaces to manifolds of non-negative sectional
curvature.
A major motivation for the new definitions was that an almost free action of a torus
T
n y X possessing any of the two new properties satisfies the toral rank conjecture,
i.e. dimH∗(X;Q) ≥ 2n. This generalizes and proves the toral rank conjecture for
actions with formal orbit spaces.
1. Introduction
What are the restrictions imposed on the topology of a space by the existence of a
non-trivial Lie group action? This is a classical question in topology and geometry which
has met several different answers in various respective subfields. A prominent variant of
this problem is encoded in the so-called toral rank conjecture, which in this form is due
to Steve Halperin and which also became known as the Halperin–Carlsson conjecture
after suitably extending it to finite coefficients.
Conjecture. LetM be a simply-connected compact manifold equipped with an almost-
free action of a torus T n of rank n. Then the sum of all Betti numbers, the total
cohomological dimension satisfies
dimH∗(M ;Q) ≥ 2n
In a slighlty more general version, one conjectures the same to hold for almost free
actions on compact Hausdorff spaces. While this conjecture has met high interest not
only in geometry but also in commutative algebra and has been verified in a lot of special
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cases ranging from certain nilmanifolds, over compact homogeneous spaces, to Ka¨hler
manifolds, it is highly open in general with known lower bounds just linear in n.
The purpose of this article is two-fold:
• On the one hand, we prove the toral rank conjecture in several previously un-
known cases, and we provide simple reproofs in some already understood situa-
tions.
• On the other hand, these confirmations of the conjecture, so to speak, merely
form the peak of the iceberg of a substantially more in-depth study of the equi-
variant cohomology of compact Lie group actions
Part of this progress is enabled by recent advances on the Buchsbaum–Eisenbud–Horrocks
Conjecture due to Walker which—essentially drawing on two newly shaped concepts of
“formality” in an equivariant context—we can link to the toral rank conjecture.
So it is not surprising that an integral part of the work carried out in this article is
constituted by molding two new concepts in equivariant cohomology theory, which we
label
MOD-formality and formal core
Both are intended to provide variations of the classical term “equivariant formality”
which are able to capture a certain “cohomological degeneracy property” (see next para-
graph) as well as a connection to classical formality of spaces in the sense of rational
homotopy theory, i.e. a weakening of the formality of the Borel construction. (Recall that
formality describes the fact that the rational homotopy type of a space is already fully
encoded by its rational cohomology algebra.) These refined notions will come in very
handy in studying the toral rank conjecture, for example, whereas equivariant formality
implies the existence of fixed points.
Indeed, recall that a compact Lie group action GyM is called equivariantly formal
if, as a module, H∗(MG;Q) ∼= H
∗(M ;Q) ⊗ H∗(BG;Q) (where MG denotes the Borel
construction), i.e. if equivariant cohomology as a module is free over the classifying
space cohomology, or, equivalently, the Borel fibration is totally non-homologous to zero,
i.e. its spectral sequence degenerates at the E2-term. This concept does provide a strong
tool in transformation groups and arises in several distinct geometric situations like
Hamiltonian torus actions or actions on compact Ka¨hler manifolds. Moreover, by Chang–
Skjelbred, Atiyah–Bredon this property allows to reconstruct equivariant cohomology
from lower dimensional orbit strata. However, (although, for example, there do arise
some connections as for isotropy actions on homogeneous spaces) it is safe to say that
“a priori” equivariant cohomology is rather unrelated to the concept of formality which
we described above.
This lack of congruence was one source of motivation for the definition of our new
concepts, and has led to several reformulations and extensions of equivariant formal-
ity in the literature. Notably, in work by Lillywhite he suggests to replace equivariant
formality by several ways (in different categories) to encode the formality of the orbit
space. Skull imposes several compatibility and formality conditions on the family of
orbits extending its formality as a space. Moreover, there is work by Triantafillou in
this direction and also the concept of Cohen–Macaulay actions (stating that the equi-
variant cohomology be a Cohen–Macaulay module over the equivariant cohomology of
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the classifying space). Since, however, for example, any (almost) free action clearly is
Cohen–Macaulay, this concept—very reasonable and interesting in its own right—is too
relaxed for our purposes.
It is hence our goal to provide variations of the term which on the one hand side
are more flexible than these redefinitions or on the other hand can effectively cope with
fixed-point free actions and are better suited to specifying and dealing with certain free
actions for example. Hence they indeed interplay nicely with the toral rank conjecture.
Furthermore, the two new terms permit many examples. Note for example that in favour
of flexibility, we built in some “locality conditions”, i.e. the terms can detect a situation
in which a group acts say on one factor of a direct product only and the second factor
is highly non-formal, yet the question whether the action satisfies our requirements is
determined by the first factor only—this is a new feature compared to a “formality of
the Borel construction”-definition.
Hence as one outcome of this we prove the following theorem in larger generality
thus providing new evidence to the toral rank conjecture. Recall again that as usual
and as defined above the term “formality” is used in the sense of Rational Homotopy
Theory. “Rational ellipticity” of a nilpotent space X refers to dimπ∗(X) ⊗Q <∞ and
dimH∗(X;Q) <∞.
Theorem A. The toral rank conjecture for T y X and X a compact Hausdorff space
holds whenever
• the Borel construction XT is formal, respectively, much more generally and in the
newly developed terminology, if the action is either MOD-formal or has formal
core.
• the space X itself is rationally elliptic and formal—for which we provide a struc-
ture result complementing its previous notation in [34].
• spaces of dimension at most 7, simply connected spaces of dimension at most 8,
and k-connected Poincare´ duality spaces of dimension at most 2k + 4 (k ≥ 3).
• the action is hyperformal.
In particular, this improves on respective separate partial results by Muno˜z, Usti-
novsky, Hilali, etc. Many of these results surge from our refined terminology and new
machinery, some are established by independent means.
The results do provide another geometric application in the field of manifolds ad-
mitting metric of non-negative sectional curvature, respectively for rationally elliptic
manifolds (see Corollary 6.7).
Corollary B. Suppose an effective T k-action on a simply-connected closed manifold Mn
which is either MOD-formal or of formal core, and let dimH∗(M) < 22k+1−n.
• Suppose the action is isometric and M is a non-negatively curved manifold Mn.
Then the action is isotropy maximal, and M is equivariantly diffeomorphic to a
quotient of a free linear torus action on a product of spheres.
• Suppose M is rationally elliptic. Then the action is isotropy maximal, and M is
equivariantly rationally equivalent to a quotient of a free linear torus action on
a product of spheres.
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As yet another easy outcome of our newly established approach, we can provide a
systematic reproof of the conjecture in the case whenM is a two-step nilpotent Lie alge-
bra. Moreover, also the classical reasoning which shows that a Hard-Lefschetz manifold,
e.g. a Ka¨hler manifold, satisfies the conjecture can be understood within and fits nicely
to the new setting.
As mentioned already, these results fall off an elaborate discussion of properties and
examples of MOD-formal actions and actions with formal core. For example, we inves-
tigate these
• via their inheritance properties for products, and, more interestingly for several
equivariant connected sums, and subgroup actions.
• in terms of characterisations using A∞-algebras and A∞-modules.
• via providing several intricate counter- and non-examples thereby sharpening
terminology.
Nearly all of these discussions have a backlash and provide new insight into the toral
rank conjecture in the respective cases.
The article draws on several concepts from the theory of Transformation Groups like
equivariant cohomology, and on techniques from Rational Homotopy Theory, in partic-
ular on several characterisations of formality. In this context the term formal core is
constructed and analysed. Moreover, we also use A∞ and C∞ structures to characterise
such formality properties together with the Hirsch–Brown model for further computa-
tions. This also contributes to investigating the concept of MOD-formality which is
established in the context of module resolutions and Koszul complexes. As for geomet-
ric applications we use structure theory of manifolds of non-negative sectional curvature,
Ka¨hler and symplectic manifolds, and we deal with different equivariant connected sums.
We shall point the reader to the relevant literature, respectively, when relevant refer-
ences were elusive, for the convenience of the reader, we added a rather self-contained
introduction to the lacking concepts in the Appendix.
Structure of the article. In Section 2 we recall several classical definitions and
properties before we shape the new terms of “MOD-formality” and “formal core”—
central to this article—in Section 3. Section 4 is devoted to characterizing these terms
by means of A∞-structures. This is put to use and combined with further techniques
in 5 wherein the various aspects of Theorem A are proved. We show that the new
concepts are relevant in many situations of practical importance by discussing some
special classes of spaces—amongst which we focus on symplectic actions, spaces without
non-trivial derivations of negative degree on the rational cohomology algebra, rationally
elliptic spaces, and manifolds of non-negative sectional curvature—in Section 6. Here,
in particular, we prove Corollary B. Finally, in Section 7 we provide several concrete
examples which sharpen our new definitions and relate them to other properties.
Background material on differential graded modules as well as A∞-algebras and mod-
ules can be found compiled in the appendix sections A and B—although this material
may be well-known to experts, parts of it seem hard to find in the literature which is
why we included it here.
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2. Preliminaries
Throughout the article, G will denote a compact and connected Lie-Group and X
will be a topological space with a continuous G-action. The G-spaces considered are
assumed to be Hausdorff, connected, and have finite-dimensional rational cohomology.
The latter always refers to singular cohomology. Coefficients will be taken in the field Q
if not stated otherwise and will be suppressed in the notation.
Our main tool for studying topological aspects of a G-action onX is the Borel fibration
X → XG → BG
where BG = EG/G for some contractible space EG on which X acts freely and XG is
the orbit space of the diagonal action on EG × X. The map XG → BG is given by
projection onto the first component.
The cohomology of XG is called the equivariant cohomology of X and denoted by
H∗G(X). The map XG → BG induces a natural H
∗(BG)-module structure on H∗G(X).
The ring H∗(BG) is a polynomial algebra with generators of even degree and will be
denoted by R. In case G is a torus, the generators of R are all of degree 2. The
assumption dimH∗(X) < ∞ ensures that H∗G(X) is finitely generated as an R-module
(see [4, Proposition 3.10.1]). Equivariant cohomology provides an essential link between
geometry and algebra and captures many important properties of the group action. For
example, the information of an action being almost free (meaning that all isotropy groups
are finite) can immediately be read off from the algebraic data in case X is compact.
Theorem 2.1. Assume X is compact. The G-action on X is almost free if and only if
dimH∗G(X) <∞.
This is a classical theorem due to Hsiang. In the torus case it is actually a direct
consequence of the more general Lemma 5.2. We have the following supplementary
proposition. Here fd(X) denotes the formal dimension, which is the highest integer n
such that dimHn(X) 6= 0.
Proposition 2.2. Assume G acts almost freely on X.
(i) If X is compact, we have fd(XG) = fd(X) − dimG.
(ii) If X is a manifold, XG → X/G induces an isomorphism in cohomology.
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(iii) Suppose X is compact, H∗(X) satisfies Poincare´ duality, and H1(X) = 0. Then
H∗G(X) satisfies Poincare´ duality.
Part (i) is an easy observation using the Serre spectral sequence of the fibration (up to
homotopy) G→ X → XG. For (ii) see [16, Theorem 7.6]. Finally, (iii) follows from [14,
Theorems 3.6 and 4.3] applied to the Borel fibrationX → XG → BG. For this we use [14,
Proposition 3.4] in order to identify BG as a Gorenstein space, as it is simply-connected
with finite dimensional rational homotopy. Moreover, we note that the prerequiste of
“finite right M-cat” in [14, Theorems 3.6] is satisfied, since dimH∗G(X;Q) < ∞ implies
finite Lusternik–Schnirelmann category. Finite LS-category however, in its algebraic
definition on Sullivan models, is analogous to and actually stronger than the definition
of “finite right M-cat”, as it requires the defining retract to be even multiplicative.
Rather contrary to the above case, where H∗G(X) is a torsion module, we formally
recall the following classical
Definition 2.3. The G-action on X is equivariantly formal if one of the following equiv-
alent conditions holds:
(i) H∗G(X) is a free R-module.
(ii) H∗G(X)
∼= R⊗H∗(X) as modules.
(iii) The Serre spectral sequence of the Borel fibration is totally non-homologous to zero
(TNHZ), i.e. it collapses at E2.
(iv) The map H∗G(X)→ H
∗(X) is surjective.
The equivalence of (ii), (iii), and (iv) follows from standard considerations on the
Serre spectral sequence of the Borel fibration. For the equivalence of the condition (i)
see [4, Cor. 4.2.3], [22, Prop. 2.3].
While cohomology is a powerful tool to extract information from the Borel fibration,
we want to go deeper to the cochain level. Our main tool is the language of rational
homotopy theory and in particular commutative differential graded algebras (cdga) and
Sullivan models. We assume the reader is familiar with those theories and refer to [15]
for missing definitions. The point here is to preemptively sort out technical difficulties
that arise in later discussions, as well as to comment on the problem of realizing algebra
through geometry. We fix some notation: if V is a graded vector space, then ΛV
will denote the free unital commutative graded algebra on V . If not stated otherwise,
all cdgas will be assumed to be non-negatively graded. We will furthermore assume all
(cd)gas to be unital which means that they come with a fixed multiplicative unit element
which is preserved by morphisms.
One of the central objects in this article is the following construction: we fix a Sullivan
minimal model of the algebra Apl(BG) of the piecewise linear forms on BG. It is of the
form (R, 0) where R = H∗(BG). The fibration induces a map (R, 0) → Apl(XG) for
which we choose a relative minimal model. This results in an extension sequence
(R, 0)→ (R⊗ ΛV,D)→ (ΛV, d)
where the first map is the inclusion of the relative minimal model and the second one is
the projection onto ΛV (with the induced differential) via the canonical augmentation of
R that sends R+ to 0 and is the identity on R0 = Q. Then said projection is actually a
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Sullivan model for X → XG. We will refer to such an extension sequence as a (minimal)
model for the Borel fibration.
Remark 2.4. (i) Throughout the article, we will work with a fixed minimal model
R→ Apl(BG). As the minimal model of the Borel fibration will be a central object,
we want to point out that it is independent of the choices made in the construction:
if (R′, 0) → Apl(BG) is another minimal model and (R
′ ⊗ ΛV ′,D′) is a relative
minimal model for R′ → Apl(XG), then there is an isomorphism (R ⊗ ΛV,D) ∼=
(R′ ⊗ ΛV ′,D′) that restricts to an isomorphism R ∼= R′. This follows from the
basic homotopy theory of cdgas: by uniqueness of the minimal model there is an
isomorphism R ∼= R′ such that ϕ0 : R→ Apl(XG) and ϕ1 : R ∼= R
′ → Apl(XG) are
homotopic. Let h : R→ Apl(XG)⊗ (t, dt) be a homotopy such that ϕ0 = p0 ◦h and
ϕ1 = p1 ◦ h, where pi is evaluation at t = i. Consider the commutative diagram
R //

Apl(XG)⊗ (t, dt)
p0

R⊗ ΛV
ϕ0
//
66♥
♥
♥
♥
♥
♥
Apl(XG)
with the dashed arrow obtained by relative lifting (see e.g. [15, Lemma 14.4]). As
a result we deduce that by changing the homotopy class of ϕ0, through composing
the dashed arrow with p1, we can obtain a relative minimal model for ϕ1. Then
the claim follows from uniqueness of the relative minimal model.
(ii) The Sullivan model (R⊗ΛV,D) for XG is not minimal in general (however it is al-
ways minimal for torus actions on simply-connected spaces). Still, it is usually our
preferred choice of model since it comes with a fixed R-module structure. Equivari-
ant maps induce morphisms that respect this structure: given an equivariant map
between G-spaces, we obtain a strictly commutative diagram between the Borel
fibrations. If minimal models of the Borel fibrations are constructed as above, then
one can show through relative lifting (see [15, Prop. 14.6]) that there is a strictly
commutative diagram
(R, 0) //
1R

(R⊗ ΛV,D) //

(ΛV, d)

(R, 0) // (R⊗ ΛW,D) // (ΛW,d)
in which the rows are the relative minimal models and the horizontal morphisms are
Sullivan representatives for the corresponding maps between the Borel fibrations.
If such structure is present, we will usually assume the morphisms to be of this
type.
As we will often care about R-module structures, the following lemma will be useful
throughout the article. By an R-cdga we mean a morphism (R, 0) → B of cdgas. We
will often just write B in case the specific morphism is not important or clear from the
context.
Lemma 2.5. (i) For any cdga B, two morphisms (R, 0) → B are homotopic if and
only if they induce the same map on cohomology.
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(ii) Consider any R-cdga B and a relative Sullivan algebra (R, 0)→ (R⊗ΛV,D). Then
any morphism (R⊗ΛV,D)→ B such that ϕ∗ : H∗(R⊗ΛV )→ H∗(B) respects the
R-module structures is homotopic to a morphism of R-cdgas.
Proof. For the proof of (i), let f, g be two such morphisms and R = Λ(X1, . . . ,Xr).
Then, by assumption, for any Xi there is some vi ∈ B satisfying D(vi) = g(Xi)− f(Xi).
We can define a homotopy h : R→ B ⊗ Λ(t, dt), with t of degree 0, by setting
h(Xi) = f(Xi) + (g(Xi)− f(Xi))t− vidt.
In the situation of (ii), we have a diagram
R
$$❍
❍❍
❍❍
❍❍
❍❍
❍

R⊗ ΛV // B
which commutes on the level of cohomology. By (i) it is homotopy commutative so the
claim follows by extension of homotopies (see e.g. [16, Proposition 2.22]) 
Remark 2.6. We will frequently make use of the fact that we can obtain the model
(ΛV, d) of a space X from the (preferred) model of XG by forming another extension
sequence
(R⊗ ΛV,D)→ (R⊗ ΛV ⊗ S,D)→ (S, 0),
where S = Λ(s1, . . . , sr) is generated in odd degrees and D maps the si bijectively to
the generators of R. In fact, we have S = H∗(G). Sending R and S to 0 yields a quasi-
isomorphism (R ⊗ ΛV ⊗ S,D) ≃ (ΛV, d). The extension sequence above is a model for
G→ X → XG, which is a fibration up to homotopy equivalence.
For free torus actions, it is also possible to pass from algebra to geometry: given a
base space Y , any choice of r classes from H2(Y ) defines a morphism R→ H∗(Y ) which
lifts (uniquely up to homotopy by Lemma 2.5) to a map R→ Apl(Y ). In particular we
obtain a unique relative minimal model of the form R → R ⊗ ΛV . In the proposition
below, we expand on the discussion in [16, Prop. 7.17] and show that such algebraic data
is always realizable by the Borel fibration of a free torus action.
Proposition 2.7. Let R = Λ(X1, . . . ,Xr) with Xi in degree 2, (ΛV, d) be a finite type
minimal Sullivan algebra, and
(R, 0)→ (R⊗ ΛV,D)→ (ΛV, d)
be an extension sequence with maps given by canonical inclusion and projection. Then
there exists a free T r-action on some space X such that the above sequence is the minimal
model of the associated Borel fibration. If the cohomology of the middle cdga is finite-
dimensional, then we can take X to be compact. If additionally H∗(ΛV, d) is simply-
connected, satisfies Poincare´ duality with fundamental class in degree n, and n−r is not
divisible by 4, then we can take X to be a compact simply-connected manifold.
In the above proposition, (ΛV, d) is the minimal model of X. In particular, the
cohomology of X is not necessarily finite-dimensional, which is an exception to the
general assumption of all G-spaces having finite-dimensional cohomology. Note that
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even if dimH∗(ΛV, d) <∞, we can only choose X to be compact if also the cohomology
of (R⊗ ΛV,D) is finite-dimensional as otherwise Theorem 2.1 would be violated.
Proof. Let Y be a CW-complex with Sullivan model (R⊗ΛV,D). We find an integer k
such that the cohomology classes of the kXi in H
2(Y ;Q) come from classes in H2(Y ;Z).
Those uniquely determine the homotopy class of a map f : Y → K(Zr, 2) = BT r. The
minimal model R→ Apl(BT
r) can be chosen in a way such that the canonical inclusion
R→ R⊗ V is a Sullivan model for f . Pulling back the universal principal bundle along
f yields a principal bundle
T r → X → Y.
We consider the following commutative diagram of principal T r-bundles
T r

T roo

// T r

// T r

ET r

ET r ×Xoo

// X

// ET r

BT r XT roo // Y // BT
r
in which the left morphism of principal bundles is given by projection on the first com-
ponent, the central one is projection on the second component, and the right one is the
pullback diagram induced by f . Note that the central morphism actually consists of
weak equivalences so (R ⊗ ΛV,D) is a model for XT r . By naturality of the spectral
sequence, the transgressions of the associated Serre spectral sequence commute with the
maps between the base spaces. Thus the inner triangles in the diagram
H2(Y )
H2(BT r)
f∗ //
//
H1(T )
99ssssssssss
oo
%%❑
❑❑
❑❑
❑❑
❑❑
❑
H2(XT r)
OO
are commutative. But the transgression H1(T r)→ H2(BT r) is actually an isomorphism
so the whole diagram commutes. Since R is generated in degree 2, it follows by Lemma
2.5 that the canonical inclusion R→ R⊗ ΛV is not only a model for f but also for the
Borel fibration of X.
If (R ⊗ ΛV,D) has finite-dimensional cohomology we can choose Y to be a finite
CW-complex and homotope f such that it has image in some compact skeleton. As a
consequence, X will be compact. If (V, d) is additionally simply-connected and satisfies
Poincare´ duality with fundamental class of degree n, then (R⊗ΛV,D) satisfies Poincare´
duality with fundamental class in degree n − r (by the same reasoning as Proposition
2.2 (iii)). Then by [16, Theorem 3.2] we can choose Y as a compact simply-connected
manifold. As before we can homotope f to have image in a compact skeleton which is
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in fact contained in some (CPN )r for N large enough. If we go on to homotope f to a
smooth map, then X will be a smooth compact simply-connected manifold. 
3. New definitions and their properties
3.1. MOD-Formality. Let X be a G-space and (R, 0) → (R ⊗ ΛV,D) → (ΛV, d) be
a model of the Borel fibration. In particular (R ⊗ ΛV,D) is a Sullivan model for XG.
When it comes to common generalizations of equivariantly formal actions and actions
with formal homotopy quotient, we have the following natural
Definition 3.1. The action is calledMOD-formal if (R⊗ΛV,D) is formal as a differen-
tial graded R-module (dgRm), i.e. it is connected to (H∗G(X), 0) via quasi-isomorphisms
of dgRms.
Remark 3.2. In the definition above, as opposed to the condition of XG being a formal
space, we only require the quasi-isomorphisms to be multiplicative with respect to the
classes coming from BG. In this way one gets rid of formality obstructions that exist
within X independently of the action.
Lemma 3.3. Equivariantly formal actions and actions with formal homotopy quotient
are MOD-formal.
Proof. If XG is formal, there is a quasi-isomorphism of cdgas (R⊗ΛV,D)→ (H
∗
G(X), 0)
which covers the canonical projection on closed elements. This is in particular a mor-
phism of dgRms so the statement follows.
Now if H∗G(X) is free, let b1, . . . , bk ∈ R ⊗ ΛV be representatives of an R-basis.
Then the inclusion H∗G(X)
∼= R ⊗ 〈b1, . . . , bk〉Q → R ⊗ ΛV induces an isomorphism on
cohomology if we take the differential on the left hand side to be trivial. 
Example 3.4. When it comes to examples of actions that are neither equivariantly
formal nor have a formal homotopy quotient but satisfy MOD-formality, there are a
few trivial candidates: For example every S1-action can be seen to automatically be
MOD-formal (see Remark 3.7). Also take any G-action on X such that XG is formal
and let Y be a non-formal space. Then (X × Y )G = XG× Y is not formal (see [9, Prop.
5]). The Hirsch–Brown model of X × Y however arises from the Hirsch–Brown model
(R ⊗ H∗(X),D) of X by tensoring with H∗(Y ) and extending the differential to R ⊗
H∗(X)⊗H∗(Y ) in the obvious way. A quasi-isomorphism (R⊗H∗(X),D) ≃ (H∗G(X), 0)
thus induces a quasi-isomorphism (R ⊗H∗(X) ⊗H∗(Y ),D)→ (H∗G(X) ⊗H
∗(Y ), 0) so
the action is MOD-formal. The discussion in Section 4 is helpful for constructing more
interesting examples as Example 7.5.
One of the defining traits ofMOD-formal actions is given by the following observation:
Let X be a MOD-formal G-space. As minimal models of dgRms are unique among a
quasi-isomorphism type, it follows that the Hirsch–Brown model of the action is the
minimal model of the dgRm (H∗G(X), 0). To construct the latter, recall the notion of
minimal graded free resolution from commutative algebra: a graded free resolution of
H∗(XG) is an exact complex
0← H∗G(X)← F0
d
←− F1
d
←− . . .
d
←− Fr ← 0
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consisting of free graded R-modules and graded maps. In the usual conventions, those
maps are of degree 0 but we apply suitable degree shifts to consider them to be of degree
1. The resolution is said to be minimal if d(Fi) ⊂ mFi−1, where m = R
+ is the maximal
homogeneous ideal. Thus for a minimal resolution, the projection map
r⊕
i=0
Fi → F0/d(F1) ∼= H
∗
G(X)
defines a minimal dgRm-model for (H∗G(X), 0), where we equip
⊕
i Fi with the differen-
tial that sends F0 to 0 and equals d on Fi for i ≥ 1. We have shown
Theorem 3.5. An action is MOD-formal if and only if the minimal Hirsch–Brown
model is isomorphic to the minimal graded free resolution of the R-module H∗G(X) as a
differential graded R-module.
Remark 3.6. It is, of course, not true that the rational homotopy type ofX andXT is “a
formal consequence” of the R-Algebra structure on H∗G(X), as is the case for actions with
formal homotopy quotient. However forMOD-formal actions, the spirit of formality still
lives on in the fact that the (additive) cohomology of X can be retrieved from the R-
module H∗G(X). Also, the algebra structure on the image of H
∗
G(X) → H
∗(X) can be
reconstructed from the R-algebra structure of H∗G(X), which holds more generally for
spherical actions which we define below. Note however that this map is usually not
surjective as its surjectivity is equivalent to classical equivariant formality.
Remark 3.7. In view of the characterization of Theorem 3.5, one can see from the
explicit construction of the minimal Hirsch–Brown model in Proposition A.3 that any
S1-action is MOD-formal. Assume that we have constructed the model up until a
certain degree and that it has the structure of a free resolution
0← F0
D
←− F1 ← 0
with cohomology concentrated in F0. Then when adding another generator to generate
cohomology, we can obviously add it to F0 and keep the structure of a free resolution.
When adding a generator α in order to kill cohomology, we can choose D(α) to be
some (non-exact) element of F0. Also D is injective on F1 ⊕ Rα, which means the free
resolution structure is preserved. To see this, we write R = Q[X1] and assume the
existence of v ∈ F1 with D(v +X
k
1α) = 0 for some k ≥ 1. Then, since α is of maximal
degree among the generators, v is divisible by Xk1 so Dα = −D(vX
−k
1 ) ∈ D(F1) was
already exact, which is a contradiction.
Before investigating further aspects of formality and their relations, we give some
reformulations of MOD-formality which will be useful throughout the article.
Lemma 3.8. Let (R⊗H∗(X),D) be the Hirsch–Brown model of a G-action on a space
X. The following are equivalent:
(i) The action is MOD-formal.
(ii) There exists a splitting R⊗H∗(X) = V ⊕W of the Hirsch–Brown model into free
submodules such that D(V ) = 0 and every closed element in W is exact.
(iii) There is a vector space splitting R⊗H∗(X) = kerD⊕C such that C ⊕ imD is an
R-submodule.
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Proof. As we have seen, in case the action is MOD-formal, we can choose the minimal
Hirsch–Brown model to be the minimal free resolution
⊕
Fi of H
∗
G(X). The desired
decomposition in (ii) is given by V = F0 and W =
⊕
i≥2 Fi.
In the situation of (ii) we can choose a vector space splitting R⊗H∗(X) = kerD⊕C
such that C ⊂W . Now if α is any R-linear combination of elements in C ⊕ imD, then,
since imD = imD|C , we find some c ∈ C with Dα = Dc. Thus α − c is the sum of
exact elements and closed elements in W which are exact by assumption. Consequently
we have α− c ∈ imD and α ∈ C ⊕ imD.
Finally, assume (iii) holds. We define a map ϕ from R⊗H∗(X) to its cohomology such
that it is the canonical projection on kerD and trivial on C. This obviously commutes
with the differential (which is trivial on H∗G(X)) and all that remains to show is the
R-linearity of ϕ. This clearly holds on kerD and by assumption, for any c ∈ C, r ∈ R
we have rc ∈ C ⊕ imD = kerϕ which proves the claim. 
Definition 3.9. We say that an action is almost MOD-formal if dimH∗(X) is equal
to the rank of the minimal free resolution of H∗G(X) as an R-module.
Remark 3.10. The Eilenberg-Moore spectral sequence of the Borel fibration converges
to H∗(X) and has E∗,∗2 = Tor
∗,∗
R (H
∗
G(X), R/m). By the definition of Tor, the Q-
dimension of the right hand expression is precisely the total rank of the minimal free
resolution of H∗G(X). We deduce that almost MOD-formality is equivalent to the E2-
degeneration of the Eilenberg-Moore spectral sequence.
In case G = T is a torus, almost MOD-formality has the following interpretation
in terms of another spectral sequence (see also [46, Lemma 1.4] and [41, Remark 7]):
taking one step back in the Barratt-Puppe sequence of the Borel fibration, we obtain
the fibration (up to homotopy equivalence)
T → X → XT ,
which in the free case is equivalent to T → X → X/T .
Proposition 3.11. The T -action is almostMOD-formal if and only if the Serre spectral
sequence of
T → X → XT
degenerates at the E3 term.
Proof. The second page of the spectral sequence is the Koszul complex HT (X)⊗S where
S = Λ(si) consists of a degree 1 generator for each variable Xi of R and the differential
maps si to the image of Xi in H
2
T (X) (see Remark 2.6). Thus the E3-page is precisely
TorR(H
∗
T (X), R/m). By the commutativity of Tor, we deduce that dimQE3 is the rank
of the minimal free resolution of H∗T (X). As the spectral sequence converges to H
∗(X),
this is equal to dimH∗(X) if and only if there are no more nontrivial differentials starting
from E3. 
Before we study implications, let us discuss one more closely related property. The
choice of name in the following definition is motivated by [23, Section 8], which discusses
similar properties in the context of path space fibrations.
Definition 3.12. We call the action spherical if ker(H∗G(X) → H
∗(X)) is equal to
mH∗G(X).
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Of course, mH∗G(X) is always contained in the kernel because on the level of Sullivan
models the map is just the projection
R⊗ ΛV → ΛV
obtained by sending m to 0. However the kernel on the level of cohomology may be
bigger for there may be Massey products represented in m ⊗ ΛV which on the level of
cohomology might not lie in the multiples of m, see e.g. Example 7.1. In this light, being
spherical is a restriction on the existence of nontrivial Massey products and therefore
related to formality properties. Again, for G = T we can express this as degeneracy in
a spectral sequence.
Proposition 3.13. The action of a torus T on X is spherical if and only if in the Serre
spectral sequence of
T → X → XT
no nontrivial differentials enter E∗,0r for r ≥ 3.
Proof. Since the map H∗T (X) → H
∗(X) factors as H∗(XT ) ∼= E
∗,0
2 → E
∗,0
∞ ⊂ H∗(X),
it suffices to analyse the spectral sequence. From the description of the E2-page in the
proof of Proposition 3.11 we deduce that the image of d2 in E
∗,0
2 corresponds exactly to
mH∗T (X). Thus there is more in the kernel if and only if there is a nontrivial differential
mapping to the bottom row after the E2 page. 
Of course, the above proposition as well as Proposition 3.11 can be (less elegantly)
formulated for arbitrary compact G. The problem however is that the cohomological
generators of H∗(G) will not transgress on the E2-page for degree reasons. Still, for a
general G-action we have the following
Theorem 3.14. For any G-action we have the implications
MOD-formal⇒ almost MOD-formal⇒ spherical.
Proof. The first implication is a consequence of Theorem 3.5. For torus actions the
second implication is a consequence of the above propositions. In the general setting
we instead consider the Eilenberg-Moore spectral sequence of the Borel-fibration. The
column E0,∗∞ can be identified with the image of the map H∗G(X) → H
∗(X) (see [39,
Exercise 7.5]). This is a subspace of E0,∗2 = Tor
0,∗
R (H
∗
G(X), R/m) = H
∗
G(X)/mH
∗
G(X).
Hence for dimensional reasons (all objects are degree wise finite-dimensional), being
spherical is equivalent to the vanishing of all differentials starting in this column. By
Remark 3.10 this holds if the action is almost MOD-formal. 
In the above theorem, none of the converse implications hold, not even for simply-
connected compact manifolds. This is demonstrated by Examples 7.2 and 7.3 as well
as Remark 7.4. In the discussion, the following description of spherical actions will be
helpful.
Lemma 3.15. The G-action on X is spherical if and only if there is a generating set
of the R-module H∗G(X) such that the restriction H
∗
G(X) → H
∗(X) is injective on its
Q-span.
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Proof. The condition is equivalent to the existence of aQ-subspace V ⊂ H∗G(X) such that
the projection V → H∗G(X)/mH
∗
G(X) is surjective and the projection V → H
∗
G(X)/ ker(r)
is injective. Since all spaces are degreewise finite-dimensional and mH∗G(X) ⊂ ker(r),
the condition is equivalent to equality in the last inclusion. 
3.2. Formally based actions. As for the previously introduced notions, we search for
ways to impose the triviality of certain Massey products in the equivariant cohomology
and thus create a more local version of formality.
One of the more direct ways to do this is to demand that, rationally, the map
XG → BG factors cohomologically injectively through a formal space. On models this
is equivalent to the following condition: let
(R, 0)→ (R⊗ ΛV,D)→ (ΛV, d)
be a model of the Borel fibration of the action. Let A ⊂ H∗G(X) be a subalgebra that
contains im (R → H∗G(X)) and let (C, d) ≃ (A, 0) be a relative minimal model of the
canonical morphism (R, 0)→ (A, 0).
Definition 3.16. We call the action formally based with respect to A if there exists a
morphism (C, d)→ (R⊗ ΛV,D) of R-cdgas for which the induced map
A = H∗(A, 0) ∼= H∗(C, d)→ H∗(R⊗ ΛV,D) ∼= H∗G(X)
is the inclusion. If the action is formally based with respect to im (R → H∗G(X)), we
also just refer to it as being formally based.
Remark 3.17. (i) The existence of the morphism (C, d) → (R ⊗ ΛV,D) in the def-
inition does not depend on the particular choice of relative minimal models (see
Remark 2.4). However, note that its homotopy class may not be unique.
(ii) If an action is formally based with respect to some A, then it is automatically
formally based with respect to any A′ satisfying im (R→ H∗G(X)) ⊂ A
′ ⊂ A as the
inclusion A′ ⊂ A lifts to the Sullivan models. In particular the action is formally
based if the homotopy quotient XG is formal.
(iii) The existence of an orbit with isotropy of maximal rank implies the injectivity of
R→ H∗G(X) (the converse follows by Borel localization in case X is compact). In
this case, for A = im (R → H∗G(X)), one may choose (C, d) = (R, 0) so the action
is formally based.
A special case of this is given by the following
Definition 3.18. An action is hyperformal if the kernel of R→ H∗G(X) is generated by
a homogeneous regular sequence.
Lemma 3.19. Hyperformal actions are formally based.
Proof. In the notation above we have A = R/(a1, . . . , ak) for homogeneous ai which
form a regular sequence in R. A relative minimal model of (R, 0) → (A, 0) is given by
(C, d) = (R ⊗ Λ(s1, . . . , sk), d) with d|R = 0 and d(si) = ai. The fact that the ai form
a regular sequence implies that the map C → A, defined by sending the si to 0 and
projecting R canonically to A, is a quasi-isomorphism. Also the ai are exact in R⊗ΛV
by definition. We choose zi ∈ R⊗ΛV with D(zi) = ai. The desired lift C → R⊗ΛV is
now obtained by sending si to zi and R identically to R. 
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It is natural to not only demand “formality of the image” of H∗(BG) → H∗G(X)
through the formally based condition but to also pay attention to how said image is
embedded in the ambient space. Especially with regards to the TRC, it is interesting to
impose additional degeneracy conditions. For example, this shows up in the requirements
of Theorem 4.1 compared to those of Theorem 4.5.
We will investigate another such condition: given an action that is formally based with
respect to some A ⊂ H∗G(X), we define the algebra (C, d) as above. We may form the
cdga (C, d) where C = C/(R+), which is again a Sullivan algebra. Now any morphism
(C, d) → (R ⊗ ΛV,D) of R-cdgas induces a morphism (C, d) → (ΛV, d) into the model
of X because ΛV = (R⊗ ΛV )/(R+).
Definition 3.20. Let A be an R-subalgebra of H∗G(X). We say an action has formal
core with respect to A if there is a morphism (C, d)→ (R⊗ΛV,D) as in Definition 3.16
such that additionally the induced morphism (C, d)→ (ΛV, d), obtained by dividing out
R+, is cohomologically injective. If such an A exists, we also just refer to the action as
having formal core.
Remark 3.21. (i) If XG is formal, then we can choose A = H
∗
G(X), C = R ⊗ ΛV .
The map C → ΛV is just the identity and the action has formal core.
(ii) Other than for the notion of being formally based, having formal core with respect
to A does not imply formal core with respect to any A′ ⊂ A: the injectivity of
H∗(C, d) → H∗G(X) depends on the particular choice of A. This can be observed
in Example 7.8.
(iii) In case the action has an orbit with isotropy of maximal rank, as in Remark 3.17,
the action is formally based with (C, d) = (R, 0). Thus C = Q and the action
automatically has formal core.
(iv) Any S1-action has formal core: we are either in case (iii) or im (R → HS1(X))
is isomorphic to R/(Xn1 ) for some n, where R = Q[X1]. We may thus set C =
(R⊗Λ(α),D) with Dα = Xn1 and obtain a lift C → R⊗ΛV by mapping α to some
β with Dβ = Xn1 . It suffices to argue that the projection β ∈ ΛV is not exact. If
dγ = β, then β −Dγ is divisible by X1 and thus D(X
−1
1 (β −Dγ)) = X
n−1
1 which
is a contradiction.
Proposition 3.22. Let f : X → Y be an equivariant map of G-spaces that induces
injections on both regular and equivariant cohomology (e.g. an equivariant retract). If
the action on Y has formal core, then so does the action on X.
Proof. The equivariant map f induces a commutative diagram
R //MXG
//MX
R //
1R
OO
MYG
//
f∗
G
OO
MY
f∗
OO
in which the rows are relative minimal models for the Borel fibrations of X and Y .
Suppose Y has formal core with respect to A ⊂ H∗G(Y ) and let ι : (C, d) → M
Y
G and
ι : (C, d) → MY be constructed as above. By assumption the maps f∗G ◦ ι and f ◦ ι
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are both injective on cohomology. Consequently the action on X has formal core with
respect to f∗G(A) ⊂ H
∗
G(X). 
Theorem 3.23. (i) Let G act on X such that the action is almost free and formally
based with respect to A ⊂ H∗G(X). If A satisfies Poincare´ duality, then the action
has formal core with respect to A.
(ii) Any hyperformal action has formal core.
Proof. Let C and C be defined as above. By assumption we have a commutative diagram
(C ⊗ S, d) //

(R⊗ ΛV ⊗ S,D)

(C, d) // (ΛV, d)
where the differentials in the top row map the generators of S = Λ(s1, . . . , sr) bijectively
onto the generators of R = Λ(X1, . . . ,Xr) and the vertical maps are quasi-isomorphisms
defined by sending R+ and S+ to 0. It suffices to show cohomological injectivity of the
top horizontal map which we denote by ϕ.
As A = H∗(C) is a Poincare´ duality algebra, it follows that the cohomology of C ⊗ S
satisfies Poincare´ duality as well (see [15, Lemma 38.2]). The fundamental class of C⊗S
is contained in every nontrivial ideal of H∗(C ⊗ S). Hence it maps to 0 under
ϕ∗ : H∗(C ⊗ S)→ H∗(R⊗ ΛV ⊗ S)
if and only if kerϕ∗ 6= 0. As a consequence, we only need to prove injectivity of ϕ∗ on
the top degree cohomology.
To see this, filter C ⊗ S by degree in C and R ⊗ ΛV ⊗ S by degree in R ⊗ ΛV . The
morphism ϕ respects this filtration and consequently induces a map between the spectral
sequences. On the E2 page, this morphism is given by the inclusion
A⊗ S → H∗G(X)⊗ S.
Since the top degree cohomology of A ⊗ S is located in the top row, its image on the
right cannot be killed by any differential and hence induces a nontrivial element on the
∞-page. This shows that ϕ∗ is not 0 in the top degree which concludes the proof of (i).
In the situation of (ii), if the kernel of R → H∗G(X) is generated by a homogeneous
regular sequence f1, . . . , fk, then the action is formally based by Lemma 3.19 and we
have a morphism of R-cdgas ψ : (C, d) → (R ⊗ ΛV,D), where C = R ⊗ Λ(a1, . . . , ak)
and dai = fi. We want to prove that the map ψ : C → ΛV is cohomologically injective.
Observe that if the regular sequence was maximal in R = Λ(X1, . . . ,Xr), meaning k = r,
then H∗(C) would be a Poincare´ duality algebra and we could use (i) to finish the proof.
If k < r we may complete the fi to a maximal regular sequence and extend ψ to a
map (C ⊗ Λ(ak+1, . . . , ar), d) → (R ⊗ ΛV ⊗ Λ(ak+1, . . . , ar),D) where the differentials
map the additional ai onto the additional fi. Cohomological injectivity of
ψ ⊗ 1 : C ⊗ Λ(ak+1, . . . , ar)→ ΛV ⊗ Λ(ak+1, . . . , ar)
is equivalent to the original map ψ being injective. Applying (i) yields the claim. 
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Remark 3.24. We want to investigate how all of the previously defined notions interact.
As it turns out, the concepts introduced in this section seem to be rather independent
from the notion of MOD-formality: Example 7.6 is a hyperformal action (with formal
core), which is not spherical and thus in particular not (almost) MOD-formal. Further-
more, in 7.7, we construct an example of a MOD-formal action which is not formally
based. However, we want to point out that while no direct implications exist, common
roots can be found in the vanishing of certain Massey products, which is best captured
in the degeneracy of minimal C∞-structures: in Theorem 4.1 we give a sufficient condi-
tion for MOD-formality that builds upon the notion of being formally based (see also
Theorem 4.5).
Remark 3.25. A class of examples that has a formal homotopy quotient, and is thus
in particular MOD-formal and has formal core, is provided by 2-step nilpotent Lie
algebras. An associated nilmanifold M has the rational structure of the total space of a
torus fibration over a torus, i.e.
T1 →֒M → T2,
where T1 has maximal dimension among the tori acting almost freely on a space in the
rational homotopy type of M (see e.g. [16, Sections 3.2 and 7.3.4]). So, rationally, we are
dealing with the equivalent of a free T1-action on M with formal quotient T2. In view
of Theorem 5.4 this gives another proof of the TRC for 2-step nilpotent Lie Algebras.
3.3. Inheritance under elementary constructions.
3.3.1. Products. If X is a G-space and Y is a G′ space, then X×Y is naturally a G×G′
space.
Proposition 3.26. Let X be a G-space, Y be a G′ space. If both, the G- and the G′-
action, satisfy one of the conditions of being spherical, (almost) MOD-formal, formally
based or having formal core, then the same is true for the G×G′-action on X × Y .
Proof. Let R→MXG →M
X and R′ →MYG′ →M
Y be relative minimal models for the
respective Borel fibrations. Then
R⊗R′ →MXG ⊗M
Y
G′ →M
X ⊗MY
is a relative minimal model for the Borel fibration of the G × G′-action. The associ-
ated Hirsch–Brown model is given by the tensor product of the minimal Hirsch–Brown
models of the G- and the G′-action hence the statement for almostMOD-formal actions
follows. Furthermore, formality is compatible with the tensor product and we obtain the
proposition under the assumption of MOD-formality. In the case of spherical actions,
the kernel of H∗G(X)⊗H
∗
G′(Y )→ H
∗(X)⊗H∗(Y ) is given by
(R+ ·H∗G(X)) ⊗H
∗
G′(Y ) +H
∗
G(X) ⊗ (R
′+ ·H∗G′(Y )) = (R⊗R
′)+ ·H∗G×G′(X × Y ).
Finally, if the G-action is formally based with respect to A ⊂ H∗G(X) and the G
′-action
is formally based with respect to A′ ⊂ H∗G′(Y ), then, by considering the tensor product
of the occurring maps, we see that the G ×G′-action is formally based with respect to
A⊗A′ ⊂ H∗G(X)⊗H
∗
G′(Y )
∼= H∗G×G′(X×Y ). In the same way one obtains the statement
for actions with formal core. 
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3.3.2. Gluing. In this section we assume all G-spaces to be Tychonoff spaces (so e.g.
CW-complexes) in order to ensure the existence of tubular neighbourhoods (see [10,
Theorem 5.4]). Let X and Y be two G-spaces. If G → X and G → Y are equivariant
maps onto orbits of X and Y , we may construct their pushoutX∨GY , which is naturally
a G-space. If the stabilizers of the image of 1 ∈ G in X and Y agree, then X ∨G Y is
just X and Y glued together at these orbits.
Proposition 3.27. Suppose that X and Y are MOD-formal (resp. have formal homo-
topy quotients XG and YG) and have an almost free G-orbit of the same orbit type. Then
the G-space X ∨G Y obtained by gluing X and Y along this orbit is MOD-formal (resp.
has formal homotopy quotient).
In the proof we make use of the following notation: if A and B are connected cdgas,
then A⊕Q B is the sub-cdga of the product cdga A⊕B which in degree 0 is generated
by (1, 1) and agrees with A⊕B in positive degrees. We use the analogous notation for
dgRms whose degree 0 component is Q.
Proof. The orbits are equivariant retracts of open G-invariant neighbourhoods in X and
Y . Using these, we can cover X∨GY with open sets U, V which equivariantly retract onto
X and Y and whose intersection retracts equivariantly onto the glued orbit. We consider
the equivariant Mayer–Vietoris sequence of this cover. As the equivariant cohomology
of an almost free orbit is just Q, it follows that
H∗G(X ∨G Y )
∼= H∗G(X)⊕Q H
∗
G(Y ).
We now turn our attention to models. LetMX∨GYG ,M
X
G , andM
Y
G denote the Sullivan
models of the homotopy quotients of the respective G-spaces as in Remark 2.4 (ii). The
previous discussion implies that the induced map MX∨GYG → M
X
G ⊕QM
Y
G is a quasi-
isomorphism. In fact it can be chosen as a morphism of R-cdgas, where the R-module
structure on the right is the diagonal one. If the actions have formal homotopy quotient,
then we have a quasi-isomorphism
MXG ⊕QM
Y
G → H
∗
G(X)⊕Q H
∗
G(Y )
of cdgas which ends the proof. In case the actions are MOD-formal, let MX and MY
denote the Hirsch–Brown models of the action and note that by the previous discussion,
MX ⊕Q MY is a dgRm-model for M
X∨GY
G . We have a quasi-isomorphism
MXG ⊕Q M
Y
G → H
∗
G(X)⊕Q H
∗
G(Y )
of dgRms, which finishes the proof. 
Proposition 3.28. Let X and Y be formally based G-spaces. Then X ∨G Y obtained
by gluing X and Y along an almost free orbit of the same orbit type is formally based.
Moreover, if the actions have formal core and the Sullivan models for XG and YG in a
relative minimal model of the respective Borel fibrations are already minimal, then the
action on X ∨G Y has formal core.
If XG and YG are nilpotent spaces, then the technical minimality condition on their
models in the above proposition is equivalent to the surjectivity of
πk(XG)⊗Q→ πk(BG)⊗Q and πk(YG)⊗Q→ πk(BG)⊗Q
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for k ≥ 2. In particular the condition is automatically fulfilled in case G is a torus and
X and Y are simply-connected.
Proof. Suppose the G-spaces are formally based with respect to A ⊂ H∗G(X) and A
′ ⊂
H∗G(Y ). Let R → M
X
G and R → M
Y
G be relative minimal models for the respective
Borel fibrations. As in the proof of the previous proposition, we see that MXG ⊕QM
Y
G
and MX∨GYG are quasi-isomorphic as R-cdgas, where the R-module structure of the
sum is defined by the diagonal inclusion. Let R ⊗ C and R ⊗ C ′ be relative minimal
models for R → A and R → A′. Also let R → C ′′ be a relative minimal model for
R→ A⊕Q A
′. We may lift C ′′ → A⊕Q A
′ to C ⊕Q C
′ by applying the lifting lemma of
Sullivan algebras to each summand separately. By assumption we have maps C →MXG
and C ′ → MYG inducing the inclusion on cohomology. Piecing everything together we
obtain the composition
C ′′ → C ⊕Q C
′ →MXG ⊕QM
Y
G
which induces the inclusion A⊕QA
′ → H∗G(X)⊕QH
∗
G(Y )
∼= H∗G(X∨GY ) on cohomology.
Lifting the morphism to MX∨GYG relative to R shows that the action on X ∨G Y is
formally based with respect to A⊕Q A
′.
Now assume that the actions on X and Y have formal core with respect to A and A′.
For X (and analogously for Y ) this means that we can assume the map (C ⊗ S,D) →
(MXG ⊗ S,D) between Hirsch extensions to be injective on cohomology, where D maps
generators (si) of S = Λ(si) to the generators Xi of R = Λ(X1, . . . ,Xr). In order to
show that X ∨G Y has formal core, it suffices to show that
((C ⊕Q C
′)⊗ S,D)→ ((MXG ⊕QM
Y
G)⊗ S,D)
is injective on cohomology where Dsi = (Xi,Xi). Consider the commutative diagram
(C ⊕Q C
′)⊗ S //

(MXG ⊕QM
Y
G)⊗ S

(C ⊕ C ′)⊗ S // (MXG ⊕M
Y
G)⊗ S
in which the bottom horizontal map is actually the direct sum of C⊗S →MXG ⊗S and
C ′ ⊗ S →MYG ⊗ S. By assumption this map is injective on cohomology, and it remains
to prove that, on cohomology, the top horizontal map is injective on the kernel
K = ker
(
H∗((C ⊕Q C
′)⊗ S) −→ H∗((C ⊕ C ′)⊗ S)
)
of the morphism induced by the left vertical inclusion. Observe that the cokernel of this
inclusion has a basis represented by a basis of (1, 0)⊗S. The differential induced on the
cokernel vanishes. The resulting short exact sequence of complexes
0 −→ ((C ⊕Q C)⊗ S,D) −→ ((C ⊕ C)⊗ S,D) −→ ((1, 0) ⊗ S, 0) −→ 0
induces a long exact sequence on homology from which we see that K is represented by
D((1, 0) ⊗ S).
Thus it suffices to show that D((1, 0) ⊗ S) descends injectively to the cohomology
of (MXG ⊕QM
Y
G) ⊗ S. By assumption, M
X
G and M
Y
G are actually minimal as Sullivan
models. Consequently, D((MXG⊕M
Y
G)
+⊗S) ⊂ ((MXG )
+·(MXG )
+⊕(MYG)
+·(MYG)
+)⊗S).
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The only way to hit an element of D((1, 0) ⊗ S) ⊂ 〈(X1, 0), . . . , (Xr, 0)〉 ⊗ S with the
differential of (MXG ⊕QM
Y
G) ⊗ S is as the image of some element in (1, 1) ⊗ S. These,
however, are never 0 in the second component which proves that K maps injectively to
H∗((MXG ⊕QM
Y
G)⊗ S). 
LetM be a smooth G-manifold with (possibly empty) boundary. By the slice theorem,
the orbit of any interior point x ∈M has a G-invariant tubular neighbourhood which is
equivariantly diffeomorphic to
Vx = G×Gx TxM/Tx(G · x)
where Gx acts on the right hand side via the isotropy action and G · x corresponds to
[G, 0] ⊂ Vx. Now if N is a G-manifold with boundary of the same dimension, with
an interior point y ∈ N such that Gy = Gx and TxM/Tx(G · x) ∼= TyN/Ty(G · y) as
representations, then we may form the equivariant connected sum as follows: the iso-
morphism defines an equivariant diffeomorphism ϕ : Vx ∼= Vy of tubular neighbourhoods.
Choose some Gx-invariant inner product on TxM/Tx(G · x), and let S ⊂ TxM/Tx(G · x)
be the associated unit sphere. The equivariant connected sum M#GN is the quotient
of (M −{G · x})⊔ (N −{G · y}) obtained by gluing the points [g, ts] and ϕ([g, (1− t)s])
for all g ∈ G, t ∈ (0, 1), and s ∈ S. The result is a G-manifold with boundary whose
homotopy type does however depend on the choice of ϕ.
Proposition 3.29. Let M and N be almost free G-manifolds with boundary such that
the equivariant connected sum M#GN at some interior orbit is defined.
(i) If M and N are MOD-formal, then so is M#GN .
(ii) IfM and N are simply-connected andMG and NG are formal, then also (M#GN)G
is formal.
We want to point out that in the proof of (ii), one of the cases is essentially the
proof of the fact that the (nonequivariant) connected sum of compact simply-connected
manifolds preserves formality (see e.g. [16, Theorem 3.13]).
Proof. In the notation of the construction ofM#GN , let D ⊂ TxM/Tx(G·x) be the unit
disk. The collapsing of D − {0} induces an equivariant map G ×Gx (D − {0}) → G · x
which induces an equivariant map
p : M#GN −→M ∨G N.
Both are almost free G-spaces so the map on equivariant cohomology can be determined
from the orbit spaces (see Proposition 2.2). There it induces the collapse of the subspace
X := (G×Gx (D − {0}))/G
∼= (D − {0})/Gx ≃ S/Gx.
Thus we may understand the map p∗ : H∗G(M ∨GN)→ H
∗
G(M#GN) via the long exact
homology sequence
· · · → Hk((M#GN)/G,X) → H
k((M#GN)/G)→ H
k(X)→ · · ·
where we can identify Hk((M#GN)/G,X) ∼= H
k(M/G ∨ N/G) = HkG(M ∨G N) in
positive degrees.
The algebra H∗(X) = H∗(S)Gx is isomorphic to either Q or H∗(S). Let n = dimM−
dimG, so dimS = n − 1. There are three possible scenarios. The map p∗ is either
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surjective with 1-dimensional kernel in degree n, injective with 1-dimensional cokernel
in degree n − 1, or a quasi-isomorphism. In the last case we are done since M ∨G N is
MOD-formal by Proposition 3.27. Otherwise consider the map p˜ : M∨ →M# between
minimal Hirsch–Brown models of M ∨G N and M#GN . As M ∨G N is MOD-formal,
the Hirsch–Brown model takes the form of a free resolution
M∨ =

⊕
i≥0
Fi, d


with d : Fi → Fi−1 being exact at every i ≥ 1. If p
∗ has nontrivial kernel, we add a
generator α of degree n − 1 to F1 and define dα ∈ F0 to be a representative for the
generator of ker p∗. Also p˜(dα) is exact in M# so we may extend p˜ to α. At this point,
p˜ induces an isomorphism F0/d(F1) ∼= H
∗
G(M#GN) but there may now be additional
cohomology represented in F1. As the newly introduced generator lives in degree n− 1
and R is simply-connected, kerd |F1 remains unchanged up to degree n + 1. But the
cohomology of M#GN vanishes in degrees above n so it follows that p˜ maps the newly
introduced cohomology to exact elements. Hence if we introduce new generators in
F2 and use them to kill the cohomology generated in F1, then p˜ extends to the new
generators. We may repeat this process inductively and obtain a free resolution quasi-
isomorphic to M#. Thus M#GN is MOD-formal.
If p∗ is injective, then we start by adding a generator α to F0 in degree n − 1 and
define p˜(α) to be a representative of the cokernel of p∗. Now add generators of degree
≥ n to F1 and map them to a minimal generating set of ker(F0 → H
∗
G(M#GN)). Again
p˜ extends to the new F1. We are now in the same position as before and we analogously
conclude that M#GN is MOD-formal. This proves (i).
The proof of (ii) works by applying the analogous argument to the cdga machinery.
Consider the map ϕ : M∨ →M# between the Sullivan minimal models of (M ∨G N)G
and (M#GN)G. As (M ∨GN)G is formal by Proposition 3.27, it has a bigraded minimal
model with an additional lower grading
M∨ = Λ

⊕
i≥0
Vi


and cohomology concentrated in (ΛV )0 as in e.g. [16, Theorem 2.93]. We observe that
M ∨G N is simply-connected if M and N are and therefore M
1
∨ = 0. The proof now
proceeds as before with the role of Fi replaced by (ΛV )i. If e.g. p
∗ is surjective with 1-
dimensional kernel in degree n (and necessarily lower degree 0), then we add a generator
to V1 and use it to kill the existing kernel in cohomology. AsM
1
∨ = 0, no new cohomology
is generated up until cohomological degree n + 1. Now for the same reasons as in
the module case, we can extend ϕ to a quasi-isomorphism from a bigraded minimal
model in the above sense, showing that M#GN is formal. The other cases transfer
analogously. 
Proposition 3.30. LetM and N be almost free m-dimensional G-manifolds with bound-
ary such that the equivariant connected sum along an interior orbit is defined. As-
sume that they have formal core with respect to A ⊂ H∗G(M), A
′ ⊂ H∗G(N), with
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Am−dimG = A′m−dimG = 0, and that the conditions of Proposition 3.28 are satisfied.
Then M#GN has formal core.
We want to point out that the condition Am−dimG = 0 is automatically fulfilled if M
has non-empty boundary, is non-compact, or is not orientable: in this case Hm(M) = 0
whence Hm−dimGG (M) = 0 by Proposition 2.2. In case M is closed and orientable, it just
means that A is supposed to not contain the fundamental class of M/G.
Proof. Let n = m − dimG and recall the equivariant map M#GN → M ∨G N from
the proof of the previous proposition. As we showed there, on cohomology, it is either
injective or has 1-dimensional kernel in degree n. Hence if A and A′ are trivial in degree
n, then
ψ : A⊕Q A
′ −→ H∗G(M ∨G N) −→ H
∗
G(M#GN)
is injective.
LetM∨ andM# be models for (M∨N)G and (M#GN) arising from relative minimal
models of the respective Borel fibrations and let ϕ : M∨ →M# be a map of R-cdgas that
is a Sullivan representative of the equivariant map M#GN →M ∨GN . By Proposition
3.28, M ∨G N has formal core with respect to A ⊕Q A
′, which means we have a map
φ : C ′′ → M∨ of R-cdgas as in the proof of 3.28 (X and Y replaced by M and N).
Since ψ is injective, we see that M#GN is formally based with respect to ψ(A ⊕Q A
′)
by considering the composition ϕ ◦ φ.
To prove that the action has formal core it remains to see that this map is still
cohomologically injective when extending it to the Hirsch extensions
C ′′ ⊗ S −→M∨ ⊗ S −→M# ⊗ S
in which the differential maps generators of S = Λ(si) bijectively to generators of R.
Cohomological injectivity of φ ⊗ 1S is part of Proposition 3.28, so we only need to
prove injectivity of (ϕ ⊗ 1S)
∗ on the cohomological image of φ ⊗ 1S . To see this we
consider the maps between the Serre spectral sequences arising by filtering the Hirsch
extensions above in the degrees of the left hand cdgas. The second pages are isomorphic
to the tensor products of the (non-twisted) cohomologies of the respective factors so by
naturality we obtain the maps
(A⊕Q A
′)⊗ S −→ H∗G(M ∨G N)⊗ S −→ H
∗
G(M#GN)⊗ S.
Again, we distinguish the three possible cases for the map ϕ∗. If it is an isomorphism,
then so is ϕ∗ ⊗ 1S and we are done. If ϕ
∗ is injective and its cokernel is generated by
some α ∈ Hn−1(M#GN), then the map ϕ
∗⊗1S on the second pages is an isomorphism
up to the column α⊗S ⊂ En−1,∗2 . As the differentials in the spectral sequence vanish on
this column for degree reasons, we deduce that ϕ⊗1S induces an injective map between
the E∞-pages which implies injectivity on cohomology.
Finally, consider the case where ϕ∗ is an isomorphism up to 1-dimensional kernel
contained in HnG(M ∨G N). We claim that the kernel of the map induced by ϕ ⊗ 1S
on the E∞-pages is contained in E
n,∗
∞ . Since the image of φ∗ ⊗ 1S on the E2 pages is
contained in E<n,∗2 , and the same degree restrictions carry over to the E∞ pages, this
will imply injectivity of (ϕ ◦ φ) ⊗ 1S on the E∞-pages and thus finish the proof of the
proposition. The claim can be verified via induction: assume the map between the rth
pages is injective on E<n,∗r and an isomorphism on E
≤n−r,∗
r . Then it is a straightforward
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diagram chase to show that on the (r+1)th pages the induced map is injective on E<n,∗r+1
and an isomorphism on E≤n−r−1,∗r+1 .

Proposition 3.31. Let M1 and M2 be orientable G-manifolds and that there are fixed
points x1 ∈M1 and x2 ∈M2 which have equivariantly diffeomorphic tubular neighbour-
hoods. Then we may form the G-equivariant connected sum at those fixed points, and
the induced G-action on M1#M2 (as well as the one on M1 ∨M2) has formal core.
Proof. Since tubular neighbourhoods are equivariantly diffeomorphic, we may form the
equivariant connected sumM1#M2 at x1 and x2 to which the G-action extends. We have
a G-equivariant contraction map p : M1#M2 → M1 ∨M2 between the connected sum
and the one-point union at x1 ∼ x2. This morphism induces a morphism of Leray–Serre
spectral sequences of associated G-Borel fibrations.
The action on M1 ∨M2 has a fixed-point x1 ∼ x2. Thus the Borel fibration has a
section and H∗(BG) →֒ H∗G(M1 ∨M2). (Hence the action on the one-point union is of
formal core.)
Since the cohomology H∗(M1#M2) is a quotient of H
∗(M1 ∨M2) (by gluing volume
forms), i.e. the corresponding E2-term is a quotient of the one-point union and all dif-
ferentials are the induced ones, we deduce that H∗(BG) also injects into H∗G(M1#M2).
This yields the result. 
3.3.3. Subgroups. We investigate how the previously defined notions behave under re-
striction of the action to subgroups. As it turns out, problems arise when restricting to
subgroups of smaller rank. The only one of the discussed concepts which behaves well
under restriction to arbitrary subgroups is the classical equivariant formality. Example
7.1 is an action with formal homotopy quotient such that the restriction to a certain
subgroup is neither formally based nor spherical. However, we have the following
Proposition 3.32. A G-action fulfils one of the conditions of being spherical, almost
MOD-formal, or MOD-formal if and only if the respective condition is fulfilled by the
action of a maximal subtorus.
Proof. Let G act on X and let T be a maximal torus of G. The central observation
needed for the proof is the fact that the Borel fibration of the T -action is the pullback
of the Borel fibration of the G-action along the map BT → BG. We denote the minimal
models of BT and BG by R and S. Now if
(S, 0)→ (S ⊗ ΛV,D)→ (ΛV, d)
is a minimal model for the fibration of the G-action, a minimal model for the pullback
fibration is given by
(R, 0)→ (R⊗S (S ⊗ ΛV ),1R ⊗S D)→ (ΛV, d)
(see [15, Prop. 15.8]). Since T is maximal, the map S → R turns R into a finitely
generated, free S-module. In particular, R ⊗S (S ⊗ ΛV ) ∼= R ⊗ ΛV splits as a sum
of multiple degree shifted copies of S ⊗ ΛV . This decomposition is respected by the
differential so it induces an analogous splitting of the cohomology. We obtain H∗T (X) =
R⊗S H
∗
G(X) (actually as algebras although the splitting is one of S-modules).
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As tensoring with R over S is exact, we deduce that the minimal free resolution of
H∗T (X) is obtained from the one of H
∗
G(X) by tensoring with R. This implies that the
G-action is almost MOD-formal if and only if this holds for the T -action.
In view of the statement for spherical actions, this also shows that a minimal gener-
ating set of H∗G(X), i.e. one which descends to a basis of H
∗
G(X)/S
+ ·H∗G(X), is also a
minimal generating set of H∗T (X). By Lemma 3.15, the condition of being spherical is
equivalent to the restriction to H∗(X) being injective on the span of such a generating
set. The claim now follows from the observation that the inclusion
H∗G(X) = S ⊗S H
∗
G(X) ⊂ R⊗S H
∗
G(X) = H
∗
T (X)
commutes with the restriction to H∗(X).
We turn our attention to MOD-formal actions. Let (M, D˜) → (S ⊗ ΛV,D) be the
minimal Hirsch–Brown model of the G-action, with M = S ⊗H∗(X). By the previous
discussion it follows that
(R ⊗H∗(X), D˜) ∼= (R⊗S M,1R ⊗S D˜)→ (R⊗S (S ⊗ ΛV ),D)
induces a quasi-isomorphism. Note that the induced differential on R⊗S M satisfies the
minimality condition so this is indeed the minimal Hirsch–Brown model of the T -action.
A quasi-isomorphism (M, D˜)→ (H∗G(X), 0) induces a quasi-isomorphism
(R⊗S M, D˜)→ (R⊗S H
∗
G(X), 0).
Thus MOD-formality of the G-action implies MOD-formality of the T -action. For the
converse implication we use criterion (iii) of Lemma 3.8 by which we obtain a vector
space splitting R⊗S M = ker D˜⊕C such that C ⊕ im D˜ is an R-submodule. As argued
above, R⊗SM splits as the sum of multiple degree shifted copies of M when regarded as
a differential graded S-module. We identify M with the summand S ⊗S M ⊂ R ⊗S M.
Denote by π : R⊗SM→M the projection onto this summand. The differential restricts
to an isomorphism D˜ : C → im D˜ and we denote its inverse by D˜−1. Set
C ′ = π ◦ D˜−1(M ∩ im D˜).
We claim that C ′ fulfils the requirements of Lemma 3.8 (iii) with respect to the G-action.
We observe that in the commutative diagram
D˜−1(M ∩ im D˜)
pi

D˜
((P
PP
PP
PP
PP
PP
C ′
D˜
//M ∩ im D˜
all maps are isomorphisms. It follows that C ′ is a complement of ker D˜|M in M and it
remains to show that a closed S-linear combination
∑
sic
′
i of elements in C
′ is already
exact in M. As D˜|C is an isomorphism onto im D˜, there are unique elements ci ∈ C with
D˜ci = D˜c
′
i. They fulfil π(ci) = c
′
i and have closed elements in all the other components
with respect to the decomposition of R ⊗S M (because the differential respects the
decomposition). Consequently, the element
∑
sici is closed. By the choice of C it
follows that it is already exact which is equivalent to exactness in every component. In
particular,
∑
sic
′
i is exact in M, which proves the claim. 
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Proposition 3.33. If the G-action is formally based or has formal core, then the same
holds for the action of its maximal torus.
Proof. Let S,R as above and assume the G-action is formally based with respect to some
A ⊂ H∗G(X). Let (C, d) ≃ (A, 0) be a relative minimal model of the canonical morphism
(S, 0) → (A, 0). The map R → H∗T (X) corresponds to R ⊗S S → R ⊗S H
∗
G(X) which
has image R⊗S A, and the induced map (R⊗S C, d) ≃ (R⊗S A, 0) is a relative minimal
model for (R ⊗S S, 0) → (R ⊗S A, 0). Clearly, a morphism (C, d) → (S ⊗ ΛV,D) of
S-cdgas induces a morphism (R ⊗S C, d) → (R ⊗S (S ⊗ ΛV ),D) of R-cdgas. Thus the
T -action is formally based if the G-action is.
If the G-action has formal core with respect to A, then we may take C/S+ → ΛV to
be cohomologically injective. It factors through the morphism C/S+ → (R ⊗S C)/R
+,
which is an isomorphism. This implies that also (R⊗S C)/R
+ → ΛV is cohomologically
injective. Consequently, the T -action has formal core as well. 
4. Higher A∞-operations
As established earlier (see Prop. 2.7 and before), fixing a base space Y , there is a
correspondence between free torus actions with orbit space Y and degree 2 cohomology
classes of Y . This correspondence is one-to-one in a suitable rational sense so it is
a natural question how the formality properties of those actions are encoded in the
corresponding cohomology classes. The usual algebra structure on the cohomology is
not sufficient for answering this kind of question. Instead, in this section we attack the
problem via certain higher operations on the cohomology.
We consider, more generally, any G action on X. As before, let R⊗ΛV be a Sullivan
model for XG. Then we can consider its minimal C∞-model (H
∗
G(X); 0,m2,m3, . . .)
which is unique up to isomorphism of C∞-algebras (see Section B.4). It is known thatXG
is formal if and only if it admits a C∞-model of the form (H
∗
G(X), 0,m2, 0, . . .) where all
higher operations vanish (see Theorem B.22). Thus there is a characterization of actions
with formal homotopy quotient in terms of the higher operation on the equivariant
cohomology. Our goal is to find something similar for MOD-formal actions.
Theorem 4.1. Let A ⊂ H∗G(X) be the image of H
∗(BG) → H∗G(X). If the unital
minimal C∞-model (H
∗
G(X);mi) can be chosen in a way that mi vanishes on the subspace
H∗G(X)⊗A
⊗i−1 for i ≥ 3, then the action is MOD-formal.
Remark 4.2. The above theorem is particularly useful for constructing free MOD-
formal torus actions (see Example 7.5): isomorphism classes of simply-connected, mini-
mal, unital C∞-models are in one-to-one correspondence with simply-connected rational
homotopy types. Hence, starting with any finite-dimensional, simply-connected, mini-
mal, unital C∞-algebra (H,mi), we find a finite CW -complex Y with minimal C∞-model
(H;mi). Now any choice of r elements in H
2(Y ) = H2 defines (the rational homotopy
type of) a free T r-space with orbit space M (see Prop. 2.7). If we choose the degree 2
classes in a way that their spanned subalgebra A ⊂ H fulfils mi(x, a1, . . . , ai−1) = 0 for
ai ∈ A, i ≥ 3, then the corresponding action will be MOD-formal.
Proof. Let
(R, 0)→ (R ⊗ ΛV,D)→ (ΛV, d)
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be a Sullivan minimal model of the Borel fibration of the action. Suppose there is
a minimal unital C∞-model ϕ : (H
∗
G(X);mi) → (R ⊗ ΛV,D) satisfying the properties
from the theorem. Then the canonical map f1 : R → H
∗
G(X) can be extended to a
C∞-morphism f : (R, 0)→ (H
∗
G(X);mi) by setting the higher components to be trivial.
This yields a diagram
(R, 0) //
f
&&▼
▼▼
▼▼
▼▼
▼▼
▼
(R ⊗ ΛV,D)
(H∗G(X);mi)
ϕ
OO
of augmented C∞-algebras (see Remark B.10) which commutes on the level of cohomol-
ogy. We claim that it commutes up to homotopy of A∞-algebras.
The inclusion functor cdga+ → C∞-alg
+ between the augmented cdgas and aug-
mented C∞-algebras induces an equivalence between the homotopy categories Ho(cdga
+)
and Ho(C∞-alg
+), which are the localizations of the respective categories at the quasi-
isomorphisms (see Theorem B.19). Also, since (R, 0) and (R⊗ΛV,D) are both free cdgas,
they are both fibrant and cofibrant with respect to a model category structure whose
weak equivalences are the quasi-isomorphisms (see e.g. [36, Section B.6.11]). Through
the equivalence
cdga+cf/ ∼→ Ho(cdga
+)
(∼ being the homotopy relation), we deduce that the equivalence class of the morphism
ϕ ◦ f in Ho(C∞-alg
+) contains a (unital) cdga-morphism ψ : (R, 0)→ (R⊗ΛV,D). This
is not necessarily the standard inclusion, which we denote by i, but it induces the same
map in cohomology. By Lemma 2.5, this already implies that i and ψ are homotopic. It
follows that i and ϕ◦f give rise to the same morphism in Ho(C∞-alg), which implies they
are in particular homotopic when considered as A∞-morphisms through the forgetful
functor (see [35, Cor. 1.3.1.3]).
Now by Lemma B.17 the two A∞-R-module structures on R ⊗ ΛV defined by the
morphisms i and ϕ◦f are quasi-isomorphic as A∞-R-modules and by Lemma B.16 they
are also quasi-isomorphic to the A∞-R-module structure on H
∗
G(X) defined by f . As the
higher operations of H∗G(X) vanish on the image of f by assumption, all but the binary
operation of the A∞-R-module H
∗
G(X) vanish. Thus the latter is just the differential
graded R-module (H∗G(X), 0).
We have shown that the differential graded R-modules (H∗G(X), 0) and (R ⊗ ΛV,D)
are quasi-isomorphic as A∞-R-modules. But then Theorem B.19 implies that they are
also quasi-isomorphic as ordinary differential graded R-modules. 
By the formal cohomogeneity of a G-action onX we mean the difference fd(X)−dimG
of the formal dimensions of X and G, where formal dimension is the highest degree in
which nontrivial cohomology exists.
Corollary 4.3. Let G act almost freely on X. Let c be the formal cohomogeneity of the
action and assume that one of the following holds:
(i) c ≤ 3.
(ii) G is semisimple, X is k-connected for 0 ≤ k ≤ 3 and c ≤ 7 + k.
Then the action is MOD-formal.
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Proof. It follows from Theorem 2.2 that H∗G(X) vanishes in degrees above the codimen-
sion c. We argue that in the situation of (i) and (ii), the conditions of Theorem 4.1 are
fulfilled for degree reasons. Choose a unital minimal C∞-model structure on H
∗
G(X),
which means that the higher operations mi, i ≥ 3 vanish if the argument has a ten-
sor component of degree 0. Thus we only need to check the vanishing of the mi on
H+G (X) ⊗A
+ ⊗ . . . ⊗A+ where A is the image of H∗(BG) → H∗G(X). In the situation
of (i), the minimal nonzero and nontrivial degree of A+ is at least 2. Hence mi, which
is of degree 2− i, takes values in degrees ≥ i+ 1 when restricted to this subspace. This
proves (i).
If G is semisimple, then the first nontrivial degree of A+ is 4. If X is k-connected,
0 ≤ k ≤ 3, so is XG and it follows that mi takes values in degrees ≥ k + 3i − 1 when
restricted to H+G (X) ⊗A
+ ⊗ . . .⊗A+. This implies (ii). 
Remark 4.4. Instead of arguing via minimal C∞-models, the corollary above could also
be deduced from analogous degree considerations in the minimal A∞-R-module model
without the detour through algebras made in Theorem 4.1.
The precise nature of the connection between Massey products of algebras andMOD-
formality is hard to grasp and the sufficient condition of Theorem 4.1 is not necessary as
shown by example 7.7: in the example, the action is MOD-formal despite the existence
of nontrivial quadruple Massey products which cause m4 to be nontrivial on A
⊗4 for
any C∞-model structure on the equivariant cohomology. We want to add that contrary
to this observation, the nontriviality of certain quadruple Massey products in A4 can be
an obstruction to MOD-formality in the right situation.
Other thanMOD-formality, the notion of being formally based has a precise descrip-
tion via higher C∞-operations and is equivalent to a weakened form of the requirement
of Theorem 4.1.
Theorem 4.5. Let A ⊂ H∗G(X) be an R-subalgebra. The action is formally based with
respect to A if and only if the unital minimal C∞-model (H
∗
G(X);mi) can be chosen in
a way that mi vanishes on A
⊗i for i ≥ 3.
Proof. Suppose that the action is formally based which means we have a morphism
ϕ : (C, d) → (R⊗ ΛV,D)
of R-cdgas, where (C, d) is a relative minimal model for R → A. Then by part (iii) of
Lemma B.23, we can construct the unital C∞-model of XG in the desired way.
Conversely suppose we have a unital minimal model (H∗G(X);m
XG
i ) where the m
XG
i
vanish on A. The cdga (C, d) is formal with cohomology equal to A so by part (ii) of
Lemma B.23 we can choose a unital minimal C∞-model of the form (A;m
A
i ) withm
A
i = 0
for i 6= 2 and mA2 the ordinary multiplication. The inclusion (A;m
A
i )→ (H
∗
G(X);m
XG
i )
defines a unital morphism of C∞-algebras with trivial higher components. Thus we have
a morphism (C, d)→ (R ⊗ ΛV,D) in Ho(C∞-alg
+) defined by
(C, d) ← (A;mAi )→ (H
∗
G(X);m
XG
i )→ (R ⊗ ΛV,D).
We observe that (C, d) and (R ⊗ ΛV,D) are Sullivan cdgas and conclude as in the
proof of Theorem 4.1 that the morphism in Ho(C∞-alg
+) is represented by a morphism
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(C, d) → (R ⊗ ΛV,D) of cdgas. Then it is also represented by a morphism of R-cdgas
by Lemma 2.5.

5. Formality and the TRC
We investigate the effects of certain aspects of formality with regards to the TRC.
Those aspects can be divided into two categories: the equivariant ones that manifest
on the homotopy quotient XT and, on the other hand, formality properties of the space
X itself. The considerations of the previous sections fall into the first catergory and
will be discussed first, followed by a discussion of actions on spaces of low dimensions.
Formality of the space X does not seem to yield immediate results when attacking the
TRC in full generality. However, in the third part of this section we recall how to deduce
TRC in case X is formal and elliptic. This has been noted previously in [34], and we do
not claim originality of the result. However, it essentially builds upon a more general
structural observation on formal elliptic spaces, which we did not find explicitly stated.
We feel like there is some value to a compact display of the material and this seems like
a fitting place to do so.
5.1. The TRC and refinements of equivariant formality. Formality can help link
the Buchsbaum–Eisenbud–Horrocks Conjecture (see below) and the Toral Rank Conjec-
ture. For example it was observed in [46] (see also [41]) that such a link is given by the
fact that the Serre spectral sequence of the homotopy fibration
T → X → XT
collapses at E3 if XT is a formal space. In our language this comes down to the fact that
those actions are in particular almost MOD-formal (see Prop. 3.11). Rather recently,
in [47], the following breakthrough theorem was proved, solving a weak form of the
Buchsbaum–Eisenbud–Horrocks conjecture.
Theorem 5.1. Let R be a commutative Noetherian ring that is locally a complete inter-
section such that spec(R) is connected. Further, let M be a nonzero finitely generated
R-module of finite projective dimension such that M is 2-torsion free and
0←M ← P0 ← . . .← Pd ← 0
a projective resolution. Then
d∑
i=0
rkR(Pi) ≥ 2
c,
where c is the codimension of M .
In its strong incarnation one conjectures the more specific bounds
rkR(Pi) ≥
(
c
i
)
to hold. The link to the TRC is provided by the equivariant cohomology: for a torus T
acting on a space X, take R = H∗(BT ) and M = H∗T (X). Then R is a polynomial ring
and thus regular which implies all the conditions of the above theorem. Also H∗T (X)
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is finitely generated (see [4, Prop. 3.10.1]) and of finite projective dimension. The
codimension c of H∗T (X) has a nice geometrical interpretation:
Lemma 5.2. Let X be a compact T -space. Then the codimension of H∗T (X) as an
R-module is the minimal dimension among the orbits.
Remark 5.3. The lemma is a consequence of Borel localization and has been observed
e.g. in [18, Proposition 5.1]. We will give a short proof nonetheless for the sake of a
compact presentation of this essential ingredient and to provide clarity on the necessary
topological requirements. Those stem solely from Borel localization which states that
for a multiplicative subset S ⊂ R, there is an isomorphism of localizations
S−1HT (X) −→ S
−1HT (X
S),
where XS = {x ∈ X | S−1HT (T · x) 6= 0}. In fact we will only be concerned with the
case XS = ∅ in which case Borel localization has an easy proof which works for singular
cohomology given the existence of tubular neighbourhoods (which is assured by the the
fact that compact Hausdorff spaces are Tychonoff) see e.g. [26, Theorem III.1]. There
are other conditions under which Borel localization is known to hold, see [4, Section 3.2].
In particular, the compactness condition can be replaced by other finiteness conditions.
Note that the latter reference uses Alexander-Spanier cohomology which agrees with
singular cohomology under the additional condition of X being locally contractible.
Proof of Lemma 5.2. IfX has an orbitO = T/H of dimension c, then ker(R→ H∗T (O) =
H∗(BH)) is generated by c linearly independent generators of R2 and is thus an ideal of
height c. Since this map factors throughH∗T (X), it follows that Ann(H
∗
T (X)) = ker(R→
H∗T (X)) is contained in this ideal and is therefore of height ≤ c.
Assume now that c is the minimal dimension among the orbits and let p be a prime
ideal of height c− 1. By the previous considerations, ker(R→ H∗T (O)) is not contained
in p for any orbit O ⊂ X. Hence, setting S = R\p, we have XS = 0. Borel localization
implies S−1H∗T (X) = 0 which means that every element from H
∗
T (X) is annihilated
by some element in S. Since H∗T (X) is finitely generated, we obtain an element in
S∩Ann(H∗T (X)) by taking products. We have shown that Ann(H
∗
T (X)) is not contained
in p. 
Thus the only missing piece is linking the projective resolution of H∗T (X) to H
∗(X).
The number
∑
rkR(Pi) from the above theorem gives an upper bound for dimH
∗(X),
which is not sharp in general as it is the dimension of the E2 page in Remark 3.10.
Equality holds if and only if said spectral sequences collapse at E2.
Theorem 5.4. Suppose the T -action on the compact space X is (almost) MOD-formal
or has formal core. Then
dimH∗(X) ≥ 2c,
where c is the minimal dimension among the orbits. In particular the TRC holds for
those kinds of actions.
Proof. The rank of the minimal Hirsch–Brown model is precisely dimH∗(X) so the
statement for (almost) MOD-formal actions follows directly from Theorems 3.5 and
5.1.
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Regarding actions with formal core with respect to some A ⊂ H∗G(X), note first that
dimH∗(X) ≥ dimH∗(C, d) where we use the notation surrounding Definitions 3.16 and
3.20. The map (R, 0)→ (C, d) turns (C, d) into a formal dgRm so by the same arguments
as in the MOD-formal case we obtain dimH∗(C, d) ≥ 2c
′
, where c′ is the height of the
annihilator of H∗(C) as an R-module. But the annihilators of H∗T (X) and H
∗(C, d) are
just given by the kernel of the map R→ H∗(C, d) ⊂ H∗T (X). In particular, c = c
′ and
dimH∗(X) ≥ dimH∗(C, d) ≥ 2c.
When T acts almost freely, we have c = dimT which yields the TRC. 
Remark 5.5. In the above proof we did essentially only use the Hirsch–Brown model
of the action, disregarding much of the rich multiplicative structure encoded in the
rational homotopy types of XT and X. This reduction of information leads to much
easier models and is the key to the success of the argument. However, this strategy
can not be successful when attacking the TRC in full generality: in [27] an example
of a finitely generated free differential graded R-module (with R a polynomial ring in
r variables) is given whose total rank is less than 2r but which has finite dimensional
(nonzero) cohomology. This shows that in general the information needed to prove the
TRC is not contained in the Hirsch–Brown model. The condition of MOD-formality
provides a natural setting in which the Hirsch–Brown model is indeed sufficient for the
proof of the TRC. Note that, while this new counterexample raises some doubts, it is
not a counterexample to the TRC as not every free dgRm comes from an R-cdga and
this example in particular is shown to be not topologically realizable.
Also, there is the following addendum to Theorem 5.1 from [47].
Theorem 5.6. Suppose R is a local (Noetherian, commutative) ring of Krull dimension
d which is the quotient of a regular local ring by a regular sequence. Assume further
that 2 is invertible in R and let M be a finitely generated R-module of finite projective
dimension and finite length. If the sum of the Betti numbers of M is 2d then M is the
quotient of R by a regular sequence of d elements.
For torus actions, we deduce the following
Proposition 5.7. Suppose a T -action on a compact space X is almost MOD-formal
or has formal core and fulfils
dimH∗(X) = 2c,
where c is the minimal dimension among the orbits. Then X is rationally equivalent to
a product of c odd-dimensional spheres.
Proof. If the action is formally based with respect to some A ⊂ H∗G(X), observe that,
in the notation surrounding Definitions 3.16 and 3.20, dimH∗(C, d) ≥ 2c. As it coho-
mologically injects into H∗(X), we deduce that (C, d) is a model for X. Consequently,
(C, d) is a model for XT and the action is MOD-formal.
For an almost MOD-formal action, the total rank of the minimal graded free resolu-
tion of H∗T (X) as an R-module is dimH
∗(X) = 2c. Let p be a minimal prime containing
Ann(H∗T (X)). Then H
∗
T (X)p has finite length. Since localization is exact, we obtain a
free resolution of H∗T (X)p by localizing the minimal graded free resolution of H
∗
T (X).
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The codimension of H∗T (X)p is also c and thus this resolution has to be minimal by
Theorem 5.1. This means that the sum of the Betti numbers of H∗T (X)p is equal to 2
c.
We may now apply Theorem 5.6 and conclude that H∗T (X)p is a quotient of Rp by
a regular sequence of c elements. Since the minimal free resolution of H∗T (X)p was
constructed from the one of H∗T (X), we conclude that also H
∗
T (X) is a quotient of R by
c elements. Those elements span Ann(H∗T (X)) which is of height c, so it follows that
they also form a regular sequence in R. To see this formally, note that a sequence of
homogeneous elements of positive degree is regular in R if and only if it is regular in Rm,
where m = R+. After localizing at R+ we may use [11, Corollary 17.7] combined with
the fact that R is a Cohen–Macaulay ring.
We observe that, in this special case, the R-module structure determines also the
algebra structure on H∗T (X). A quotient of a polynomial ring by a regular sequence is
intrinsically formal (see [13, Remark 3.1]) so a Sullivan model for XT is given by the
Koszul complex (R ⊗ ΛZ,D) where D maps a basis of Z to the regular sequence. It
follows that (ΛZ, 0) is a model for X.

5.2. Small dimensions. As we have shown in Corollary 4.3, actions of small enough
codimension areMOD-formal and hence fulfil the TRC by Theorem 5.4. We can achieve
stronger results by placing additional topological restrictions on X. Recall that by the
formal cohomogeneity of a G-action on X we mean the number fd(X)− dimG.
Lemma 5.8. Let G act almost freely on X with formal cohomogeneity c and assume
one of the following holds
(i) X is simply-connected and c ≤ 4.
(ii) X is simply-connected, satisfies Poincare´ duality, and c ≤ 2k, where k ≥ 3 is the
minimal odd degree such that πk(X)⊗Q 6= 0.
Then XG is formal.
Proof. By Proposition 2.2 we have fd(XG) = c. If X is simply-connected, so is XG.
Any simply-connected space of formal dimension ≤ 4 is formal as higher operations in
the minimal unital C∞-model vanish for degree reasons. This proves the lemma under
condition (i).
In the situation of (ii), XG is also a Poincare´ duality space by Proposition 2.2. The
Sullivan minimal model of X does not have an odd degree generator up until degree k.
As the rational homotopy of BG is concentrated in even degrees, we deduce that the
minimal model of XG also does not have odd generators of degree < k. This implies that
the differential in the minimal model of XG vanishes in degrees from 1 up to k−1. Thus
XG is (k − 1)-formal and by [17, Theorem 3.1], XG is formal because fd(XG) ≤ 2k. 
Not only do we know that the TRC holds for small cohomogeneities but it is also a
classical result that it holds for actions of T r if r ≤ 3 ([4, Theorem 4.4.3]). Together
with Corollary 4.3, Lemma 5.8, and Theorem 5.4 this yields
Theorem 5.9. The toral rank conjecture holds for
(i) spaces of formal dimension ≤ 7.
(ii) simply-connected spaces of formal dimension ≤ 8.
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(iii) simply-connected Poincare´ duality spaces of formal dimension ≤ 2k + 4, where
k ≥ 3 is the minimal odd degree such that πk(X)⊗Q 6= 0.
Case (iii) does in particular imply the TRC for simply-connected orientable manifolds
of dimension ≤ 10. This was proved earlier in [24, The´ore`me A], also using formality of
the homotopy quotient but concluding differently.
5.3. The TRC for formal elliptic spaces. Recall that an elliptic space of positive
Euler characteristic, i.e. a positively elliptic space, has a minimal model given by a pure
algebra (ΛV, d) such that d maps a basis of V odd to a maximal regular sequence of
V even. Recall that we say a fibration is totally non-homologous to zero (TNHZ) if its
Serre spectral sequence collapses at E2.
Proposition 5.10. Let X be a formal elliptic space. Then rationally it is the total space
of a TNHZ fibration with model
(ΛB, 0)→ (ΛB ⊗ ΛV,D)→ (ΛV, d),
where B = Bodd and (ΛV, d) is positively elliptic.
Proof. By [13], X has a two-stage model of the form (ΛZ,D), where Z = Z0 ⊕Z1, such
that Z1 = Z
odd
1 and D maps a basis of Z1 to a regular sequence a1, . . . , ak in ΛZ0. Now
set V = Zeven0 ⊕ Z1 and B = Z
odd
0 , which produces the desired extension sequence.
We now show that (ΛV, d) is positively elliptic, where d is the differential obtained by
projecting B+ to 0.
Observe that a1, . . . , ak is in particular a regular sequence in the strictly commutative
ring
(ΛZ0)
even = ΛZeven0 ⊗ (ΛZ
odd
0 )
even.
The right hand tensor factor has Krull dimension 0 whence the Krull dimension of
(ΛZ0)
even is equal to r := dimZeven0 . In particular, we have k ≤ r. Denote by J ⊂
ΛZeven0 the ideal generated by the canonical projections a1, . . . , ak of the ai to ΛZ
even
0 .
It follows from the odd spectral sequence of the elliptic algebra (ΛZ,D) that the quotient
ΛZeven0 /J is finite-dimensional. In particular, J has height r. Since J is generated by
k ≤ r elements, it follows that r = k and that the ai form a regular sequence in ΛZ
even
0 .
It remains to prove that the Serre spectral sequence collapses at E2. Observe that
E∗,∗2 = H
∗(ΛB, d) ⊗ H∗(ΛV, d). In particular we have E0,∗2 = H
∗(ΛV, d). This is
completely represented by polynomials in Zeven0 due to the fact that (ΛV, d) is positively
elliptic. As D vanishes on Zeven0 , it follows that also the differentials of the spectral
sequence vanish on E0,∗r , r ≥ 2, which causes the spectral sequence to collapse. 
Corollary 5.11 ([34]). The TRC holds for formal elliptic spaces.
Proof. Let X be formal and elliptic and display its model as in the previous proposition.
For the homotopy Euler characteristic of X, we obtain χpi(X) = − dimB which implies
rk0(X) ≤ dimB. On the other hand, due to the collapse of the Serre spectral sequence,
we have
dimH∗(X) = dimH∗(ΛV, d) · 2dimB .

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6. Special classes of spaces and actions
6.1. Vanishing derivations and symplectic actions. In recent decades, the topology
of torus actions on symplectic and Ka¨hler manifolds has been a very successful field of
study. In particular it was proved in [3] that Hard Lefschetz manifolds satisfy the
TRC (going back to the study of derivations on the cohomology algebra by [8]) and
the result has been generalized to free actions on cohomologically symplectic spaces of
Lefschetz type in [2] and [37]. It is therefore no surprise that among those spaces, we
find classes of examples satisfying our formality properties. However, it will turn out
that in the generalized setting of Lefschetz type spaces, the topology alone will not yield
the formality properties we seek and we will need to resort to the geometric condition
of the action being symplectic, which means that it is smooth and leaves invariant the
symplectic form. Let us recall some notions.
Definition 6.1. A 2n-dimensional compact symplectic manifold (M,ω) is said to be
of Lefschetz type if multiplication with ωn−1 defines an isomorphism H1(M ;R) →
H2n−1(M ;R).
Theorem 6.2. Let T be a torus acting on X such that one of the following holds:
(i) Any derivation of negative odd degree on H∗(X) vanishes if it vanishes on H1(X).
(ii) X is a compact symplectic manifold of Lefschetz type and the T -action is smooth
and symplectic.
Then the action is MOD-formal and has formal core.
The property in (i) is fulfilled in particular for compact Ka¨hler or more generally
Hard Lefschetz manifolds (see [8, The´ore`me II.1.2]). It is however a little more general
as it holds e.g. for any space with cohomology concentrated in even degrees and is stable
under products ([7, Prop. 3.5]). The proof of the theorem relies on the following property
that unifies both types of actions.
Lemma 6.3. Suppose the T -action on X satisfies either condition (i) or (ii) above and
that the map H2(BT )→ H2T (X) is injective. Then the action is equivariantly formal.
Proof. Observe that the injectivity assumption is equivalent to the vanishing of the
transgression on the second page of the Serre spectral sequence of the Borel fibration.
Under condition (i) the lemma follows from [16, Proposition 4.40] (note that differentials
on odd pages vanish automatically as R is concentrated in even degrees). In case (ii),
note first that it suffices to consider real coefficients. We may thus work with the spectral
sequence of the Borel fibration which is obtained from the Cartan model by filtering in
polynomial degree. The symplectic form induces an element [ω] ∈ E0,22 and we claim that
d2[ω] = 0. If d2[ω] = v ∈ E
2,1
2 = H
2(BT )⊗H1(X) was nontrivial, Poincare´ duality of X
would imply the existence of some element x ∈ E0,2n−12 = H
2n−1(X) such that xv 6= 0.
As X is of Lefschetz type, we may write x = [ω]n−1u for some u ∈ E0,12 . By assumption
we have d2u = 0 and [ω]
nu = 0 for degree reasons. This implies 0 = d2[ω]
nu = n[ω]n−1uv
which is a contradiction.
By the definition of the Cartan differential, this means precisely that contractions of
ω with the fundamental vector fields are exact. Consequently the action is Hamiltonian
and thus equivariantly formal ([33, Prop. 5.8]). 
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Remark 6.4. Interestingly, although the proof of the TRC generalizes to cohomologi-
cally symplectic spaces of Lefschetz type in the purely topological setting, the statement
of (ii) in the above lemma is false without the geometric assumptions: [1, Example 1] is
an S1-action with a fixed point on a simply-connected cohomologically symplectic space
that is however not equivariantly formal.
Proof of Theorem 6.2. Set V = ker(R2 → H∗T (X)). There is a subtorus T
′ ⊂ T such
that the kernel of H2(BT )→ H2(BT ′) is exactly V . Let Xi ∈ V be a basis and Yi ∈ R
2
be a basis of a complement of V . Then we have the following commutative diagram
(Λ(Xi, Yj), 0) //

(Λ(Xi, Yi)⊗ ΛV,D)

// (ΛV, d)
1ΛV

(Λ(Yj), 0) // (Λ(Yj)⊗ ΛV,D) // (ΛV, d)
where the top row is a model for the Borel fibration of the T action on X, the bottom
row is a model for the Borel fibration of the restricted T ′-action (note that the T ′-Borel
fibration is up to homotopy the pullback of the T -Borel fibration along BT ′ → BT ),
and the vertical maps are defined by sending the Xi to 0. By construction, the Yj map
injectively into the cohomology of (Λ(Yj)⊗ΛV,D) and thus the bottom row fibration is
TNHZ by Lemma 6.3.
By assumption there are si ∈ V
1 with D(si) = Xi. In particular ΛV = Λ(si) ⊗ ΛW
where d(si) = 0 and D(si) = 0. Thus in the bottom row it makes sense to quotient out
the ideal generated by the si, which yields an extension sequence
(∗) (Λ(Yj), 0)→ (Λ(Yj)⊗ ΛW, D˜)→ (ΛW,d).
We argue that this is TNHZ as well. By naturality of spectral sequences it suffices to
argue that the projection (ΛV, d) → (ΛW,d) is surjective on cohomology. To see this,
consider the composition
(Λ(Xi, si)⊗ ΛW,D′)→ (ΛV, d)→ (ΛW,d)
where D′ is obtained from D by dividing out the Yj. It is defined by sending the
contractible algebra (Λ(Xi, si),D) to 0 and is thus a quasi-isomorphism. In particular
this shows cohomological surjectivity of the second morphism and thus degeneracy of
the Serre spectral sequence of (∗) at E2.
As in the proof of Lemma 3.3, we obtain a quasi-isomorphism between the free dif-
ferential graded Λ(Yj)-modules (Λ(Yj) ⊗ ΛW, D˜) and (H
∗(Λ(Yj) ⊗ ΛW ), 0), which we
consider as Λ(Xi, Yj)-modules via the projection. As before, sending Λ(Xi, si) to 0 yields
a quasi-isomorphism
(Λ(Xi, Yi)⊗ ΛV,D)→ (Λ(Yj)⊗ ΛW, D˜)
of Λ(Xi, Yj) modules. We have shown that the action is MOD-formal.
To see that it has formal core, set A = im (R→ H∗G(X)) and note that in the language
of Definition 3.16, ΛC is given by (Λ(Xi, Yj , si),D). Thus the morphism C → ΛV is
just given by the inclusion of (Λ(si), 0). Note that in the Serre spectral sequence of the
Borel fibration the classes of the si transgress onto the classes of the Xi. Using the fact
that the differential on the second page is a derivation one can inductively conclude that
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the product of the classes of all si is nonzero in H
∗(ΛV, d) (see the proof of [3, Theorem
2.2]). This shows the cohomological injectivity of C → ΛV .

6.2. Rational ellipticity and non-negative sectional curvature. The goal of this
subsection is to provide a variation of the maximal symmetry rank conjecture for man-
ifolds of non-negative sectional curvature. The Bott–Grove–Halperin conjecture which
states that (almost) non-negatively curved manifolds are (rationally) elliptic provides a
link to rationally elliptic spaces. Let us begin with some easy general observations.
The dimension formula (see [15, Theorem 32.6])) for rationally elliptic spaces implies
that the maximum homotopy Euler characteristic achievable for a simply-connected
rationally elliptic space in dimension n is given by ⌊n/3⌋, indeed by
• n/3 if n ≡ 0 mod 3 and all rational homotopy groups concentrated in degree 3,
• (n−2)/3 if n ≡ 2 mod 3 and all rational homotopy groups concentrated in degree
3 except for one in degree 5, or all in degree 3 except for two more corresponding
to the ones of S2.
In case n ≡ 1 mod 3 the maximal realizable homotopy Euler characteristic is (n− 4)/3
because of the assumption of simply-connectedness. Due to degree restrictions it follows
in all cases that any representative splits as a product of the corresponding sphere factors.
Hence we can find manifolds equipped with even free torus actions of a torus of rank
⌊n/3⌋ in any case. The second part of the following corollary provides a variation of
Proposition 5.7.
Corollary 6.5. • An almost free T ⌊
n
3 ⌋-action on the simply-connected compact
rationally elliptic space X has formal core and is MOD-formal.
• Let X be rationally elliptic with π∗(X) ⊗ Q = πodd(X) ⊗ Q. If X admits an
almost free Tχpi(M)-action which is either of formal core or MOD-formal, then
X rationally is a product of odd spheres.
Proof. As for the first part, we observe that the torus acts on a space of the rational
type of one of
• S3× (n/3). . . ×S3,
• S3× ((n−5)/3). . . ×S3 × S5
• S3× ((n−2)/3). . . ×S3 × S2.
In order to justify this, as for the second item, it remains to observe that the rational
homotopy group corresponding to S5 is necessarily spherical and cannot have a twisted
differential. Indeed, this being the case would reduce cohomology (cf. the arguments
for the second part) and would contradict the fact that the toral rank conjecture is
confirmed on coformal two-stage spaces (see [3, Proposition 3.1, Corollary 3.5]).
The corresponding Borel constructions—since they have finite dimensional cohomol-
ogy —have the rational types of positively elliptic hence formal spaces whence the action
has formal core and is MOD-formal.
The second part can easily be deduced as follows: the associated pure model of the
minimal model of X is the one of a product of odd spheres. It has total cohomological
dimension 2χpi(M), and constitutes the E0-term of the odd spectral sequence converging
to the model of X (see [15, p. 438]). By Theorem 5.4 we derive that cohomological
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dimension may not decrease whence the spectral sequence has to degenerate at the
E0-term. The result then follows easily. 
We remark that the first statement of Corollary 6.5 is a variation/generalization of
[19, Corollary C] in which it is shown that the TRC holds if T ⌊n/3⌋ acts almost freely
on X. In [20, Corollary C, Theorem D] it was shown that the TRC holds on a closed
smooth simply-connected rationally elliptic n-manifold (respectively on a closed simply-
connected non-negatively curved Riemannanian manifold) which admits an additional
continuous (respectively isometric) torus action (independent of the almost free torus
action) which is isotropy maximal. This notion of maximality in combination with non-
negative sectional curvature and in relation to formal core and MOD-formality will be
discussed in the following.
So indeed, let us now come to an application in the field of manifolds with non-negative
sectional curvature. For this we recall (see [12]) the maximal symmetry rank conjecture
on these, which was originally stated in [21]. Note that a torus action of T k on the
manifold M is called isotropy maximal (or slice maximal) if there is a point for which
the isotropy group is of maximal dimension, or equivalently, if and only if, the dimension
of a minimal orbit is 2k − n. In this case the action is maximal in the sense that it is
not a proper subaction of an effective action of a higher dimensional torus.
Conjecture 6.6. Let T k act isometrically and effectively on the simply-connected closed
non-negatively curved manifold Mn. Then k ≤ ⌊2n/3⌋ and the action is isotropy maxi-
mal for k = ⌊2n/3⌋.
In the case of an isotropy maximal effective isometric T k-action onM (closed, simply-
connected, of non-negative curvature) it was shown in [12] that M is equivariantly dif-
feomorphic to a quotient of a free linear torus action on
Z =
∏
i<r
S2ni ×
∏
i≥r
S2ni−1
for all ni ≥ 2, and n ≤ dimZ ≤ 3n − 3k.
Recall that by a linear torus action on Z we refer to the action of a subtorus of a
maximal torus of
∏
i<r SO(2ni + 1) ×
∏
i≥r SO(2ni). This group acts by the standard
representation on
∏
i<r R
2ni+1 ×
∏
i≥r R
2ni restricting to an action on Z.
In [20, Theorem B] an analog result was shown in the category of rationally elliptic
manifolds and smooth actions: An isotropy maximal action on a smooth closed simply-
connected manifold Mn is up to equivariant rational homotopy equivalence a linear one
on a quotient Z on a of product of spheres (of dimension at least 3) by a linear free torus
action.
As a direct corollary of Theorem 5.4 we can prove this extended form of the maximal
symmetry rank conjecture in a special case.
Corollary 6.7. Suppose an effective T k-action on a simply-connected closed manifold
Mn which is either MOD-formal or of formal core, and let dimH∗(M) < 22k+1−n.
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• Suppose the action is isometric and M is non-negatively curved manifold Mn.
Then the action is isotropy maximal, and M is equivariantly diffeomorphic to a
quotient of a free linear torus action on a product of spheres Z (as above).
• Suppose M is rationally elliptic. Then the action is isotropy maximal, and M is
equivariantly rationally equivalent to a quotient of a free linear torus action on
a product of spheres (as described above).
Proof. Under these restrictions Theorem 5.4 yields that dimH∗(M) ≥ 2c with c the
dimension of a minimal orbit. From the dimension restriction on cohomology we deduce
that
c ≤ 2k − n(1)
(as it is an integer).
Consider a T k-orbit at x ∈ T kx ∼= T k/T ′ where T ′ denotes the isotropy subtorus at x
(up to finite covering). By standard representation theory we obtain that the maximal
dimension of a faithful isotropy representation of the torus T ′ at x is bounded from above
by (n − c)/2. It follows that the maximal dimension k of an effectively acting torus T k
is bounded by
c+ (n− c)/2 ≥ k ⇐⇒ c ≥ 2k − n.
Together with Equation (1) this yields that c = 2k − n. It follows that the action is
isotropy maximal. The two respective results follow from the literature as depicted above
the assertion. 
Conversely, note that any such linear action on a product of spheres is both MOD-
formal and of formal core. Clearly, by O’Neill any such quotient can be equipped with
a metric of non-negative curvature.
We also recommend to contrast this result with Proposition 5.7, where we showed
that—applied to this concrete case—the equality H∗(M) = 22k−n implies that M has
the rational type of a product of spheres. Hence, in the setting of this Section, this result
in particular is sharpened to a diffeomorphism classification.
Let us end this section by providing another result for rationally elliptic spaces.
Lemma 6.8. If (ΛV, d) is a formal elliptic minimal Sullivan model, then so is its asso-
ciated pure model (ΛV, dσ).
Proof. This is a direct consequence of Proposition 5.10, where we showed that (ΛV, d)
admits a decomposition as a TNHZ rational fibration
(ΛB, 0)→ (ΛB ⊗ ΛV, d)→ (ΛV, d¯),
where B = Bodd and (ΛV, d¯) is positively elliptic. Indeed, passing to the associated pure
model makes this fibration degenerate to a genuine product, and (ΛV, dσ) is formal,
consequently. 
Theorem 6.9. Let Mn be a simply-connected rationally (r− 1)-connected formal ratio-
nally elliptic closed manifold with an effective action of T k which is MOD-formal or of
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formal core. Then
k ≤ n/2 + n/(2r)
In the case of equality the action is isotropy maximal and equivariantly rationally
equivalent to a linear action on a quotient of a product of spheres by a linear free torus
action—if r ≥ 3 then M is equivariantly rationally equivalent to a product of spheres.
Proof. Let us first estimate the dimension of the cohomology of M from above. For
this, due to the odd spectral sequence we may assume that M is a pure space whilst
preserving that it is rationally elliptic and formal in view of Lemma 6.8. Hence we may
decompose its minimal model as the product of a positively elliptic Sullivan algebra and
a free algebra generated in odd degress (see for example [5, Lemma 2.5]).
We denote by (a1, . . . , aα) the multiset of the degrees of a basis of the vector space
of non-trivial rational homotopy groups 〈πi(X) ⊗ Q〉i for i odd and by (b1, . . . , bβ) the
corresponding multiset of degrees for i even. Clearly, α ≥ β. We may order the ai in
such a way that the differential is trivial on ai for i > β. Moreover, from [15, Proof of
Theorem 32.6, Page 443] we recall that we may order the bi and ai (for i ≤ β) in such
a way that the bi and the ai form a respective increasing sequence and ai + 1 ≥ 2bi for
1 ≤ i ≤ β.
Using [15, Theorem 32.15] we compute the dimension n of M as
dimM =
α∑
i=1
ai −
β∑
i=1
(bi − 1) =
α∑
i=1
(ai + 1)− bi
(where, by convention, βi = 0 for i > β), and its cohomology as
dimH∗(M) =
( β∏
i=1
ai + 1
bi
)
· 2α−β
where the first factor computes the dimension of the cohomology of the positively elliptic
factor, the second factor the one of the free factor. For this we use [15, Property (32.14),
p. 446] in order to compute the dimension of the cohomology of a rationally elliptic pure
space.
Hence we need to maximize the product of quotients (≥ 2) of numbers while the sum
of their differences remains constant. The solution to this problem is to produce as many
factors as possible. That is, we estimate the cohomology by
dimH∗(M) ≤ 2n/r
At the same time we recall from the proof of Corollary 6.7 the inequality
c ≥ 2k − n.
with c the minimal dimension of an orbit. Theorem 5.4 yields that dimH∗(M) ≥ 2c ≥
22k−n. Combining both inequalities we obtain that
2k − n ≤ n/r ⇐⇒ k ≤ n/2 + n/(2r)
If equality holds, we derive that H∗(M) = 2c and c = 2k − n, whence the action is
isotropy maximal. We then draw on the depicted classification result [20, Theorem B].
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The statement for r ≥ 3 follows since the quotient of a free torus action on a product of
spheres of dimension at least 3 can only be rationally 2-connected if the torus is trivial.

7. Further (counter)examples
Example 7.1. We show that the notions we defined in Section 3 are not preserved
by restriction to subgroups of smaller rank. Consider the threefold Hopf action of
T 3 on M = (S3)3. The space MT 3 is formal so it is in particular MOD-formal as well
as formally based. However, if we restrict the action to T 2 along the homomorphism
(s, t) 7→ (s, st, t), the model of the Borel fibration becomes
(Λ(X,Y ), 0)→ (Λ(X,Y, a, b, c),D) → (Λ(a, b, c), 0),
with |X| = |Y | = 2, |a| = |b| = |c| = 3, D(a) = X2, D(b) = X2 + 2XY + Y 2, and
D(c) = Y 2. Now 2Y a − X(b − a − c) defines a nonzero cohomology class in degree 5
which maps to 0 inH5(M) = 0. AlsoH3T 2(M) = 0 so said class does not lie in mH
∗
T 2(M),
where m = (X,Y ). It follows that the action is not spherical. It is also not formally
based because of the nontrivial Massey product 〈X,X, Y 〉: the image of H∗(BT 2) →
H∗T 2(M) is isomorphic to Λ(X,Y )/(X
2,XY, Y 2). Let (C, d) be as in Definition 3.16
and α, β, γ ∈ C with dα = X2, dβ = X2 + 2XY + Y 2, and dγ = Y 2. Any morphism
(C, d) → (Λ(X,Y, a, b, c),D) that is the identity on R also has to map α 7→ a, β 7→ b,
γ 7→ c, which is not possible since there is nontrivial cohomology represented in the
Λ(X,Y )-span of a, b, and c but not in that of α, β, and γ.
Example 7.2. We construct an action which is spherical but not almost MOD-
formal. Consider Λ(X1,X2,X3) with Xi in degree 2 and set the differential D to be
trivial on the Xi. Add generators aij for i ≤ j ∈ {1, 2, 3} and set D(aij) = XiXj . One
checks that a basis of the kernel of D in degree 5 is given by
• miij = Xjaii −Xiaij , for (i, j) ∈ {1, 2, 3}
2 with i 6= j, where aij := aji in case
i > j.
• m312 = X3a12 −X2a13, m123 = X1a23 −X2a13.
The easiest way to verify this is by observing that the listed elements are linearly indepen-
dent and that the differential maps the 18-dimensional degree 5 component surjectively
onto the 10-dimensional Λ3(X1,X2,X3).
Now for each of the mijk except for m112, we introduce a generator cijk in degree 4
with D(cijk) = mijk. Furthermore, we add a generator b in degree 3 with Db = 0 and
glue it to the remaining Massey product by introducing the generator c112 in degree 4
and setting D(c112) = m112 −X1b. We extend the cdga
(A,D) = (Λ(Xi, aij , b, cijk),D)
to a minimal Sullivan algebra (C,D) by adding generators in degrees ≥ 5 to inductively
kill all cohomology in degrees ≥ 6.
Setting R = Λ(X1,X2,X3), we have H
∗(C) = R/R≥3 ⊗ Λ(b). By Proposition 2.7
we find a compact space X with a T 3 action such that the Borel fibration has minimal
model
R→ (C,D)→ (C,D)
40 MANUEL AMANN AND LEOPOLD ZOLLER
with the latter cdga being the quotient by the ideal generated by R+. As an R-module,
H∗T 3(X) = H
∗(C) is generated by the classes of 1 and b which map injectively to
H∗(X) = H∗(C) so the action is spherical by Lemma 3.15.
Let us now argue that it is not almost MOD-formal. By Proposition 3.11, it suffices
to find a nontrivial differential on the E3-page of the spectral sequence of the fibration
T 3 → X → X/T 3. It is obtained by filtering (C ⊗ ΛS,D) in the degree of C where S =
Λ(s1, s2, s3) withDsi = Xi. We find a nontrivial differential by defining a suitable zigzag:
consider the element α2 = X1s123 in filtration degree 2, where the multi index stands for
the respective product of the si. We have D(α2) = X
2
1s23 −X1X2s13 +X1X3s12. Thus
for α3 = −a11s23 + a12s13 − a13s12, we obtain
D(α2 + α3) = (X2a13 −X3a12)s1 + (X3a11 −X1a13)s2 + (X1a12 −X2a11)s3
in filtration degree 5. We claim that this defines a nontrivial element in E5,13 , which
implies that we have a nontrivial differential starting from E2,33 .
First note that D(α2 +α3) ≡ D(α2 +α3) +D(c312s1− c113s2) ≡ −m112s3+X1c213 −
X2c113 in E
5,1
3 . For this to be trivial in E
5,1
3 we need to have
m112s3 −D(e12s12 + e13s13 + e23s23 + e1s1 + e2s2 + e3s3) ∈ C
6
for some eij ∈ A
3 and ei ∈ A
4. We see that the eij are necessarily closed and hence
multiples of b. If the eij were nontrivial, then their image under D would produce error
terms of the form Xibjsk which cannot cancel with the D(eisi) because no element in
R2 · 〈b〉 is exact. Thus we have eij = 0. But then it follows that the projection of the
whole right hand expression D(· · · ) to the A5 ⊗ 〈s3〉 component is given by D(e3)s3,
which can never be equal to m112s3 because m112 is not exact in A.
Example 7.3. We construct an almost MOD-formal but not MOD-formal free
action. Consider the cdga (C,D) from Example 7.2. We set R = Λ(X1,X2) and obtain
a compact T 2-space Y such that the Borel fibration is given by R→ C. The R-module
H∗T 2(Y ) is generated by the classes of 1, X3, b, and X3b which map injectively to H
∗(Y ).
Thus the action is spherical by Lemma 3.15. A nontrivial differential past the second
page of the spectral sequence from Proposition 3.11 would need to map from E∗,23 to E
∗,0
3
because we only have a T 2-action. But those are also trivial according to Proposition
3.13. Thus the action is almost MOD-formal.
Finally, we argue that the action is not MOD-formal. To see this, we construct the
lower part of the Hirsch–Brown model ϕ : R⊗V → C (see A.3). In degree 0 we introduce
the generator 1 and set ϕ(1) = 1. In degree 1 there is nothing to do and in degree 2
we introduce generators X3 and define ϕ(X3) = X3. To achieve surjectivity in degree
3, we introduce b, with ϕ(b) = b. Injectivity of ϕ in degree 4 is achieved by introducing
a11, a12, a22 with D(aij) = XiXj · 1 as well as a13 and a23 with D(ai3) = Xi · X3 and
setting ϕ(aij) = aij . The procedure is continued by adding generators of degree ≥ 4 to
form the Hirsch–Brown model.
If the action wereMOD-formal, the criterion in Lemma 3.8 would tell us that we can
choose preimages α, β, γ ∈ V 3 of the exact cocycles X21 ·1, X1X2 ·1, and X
2
2 ·1 such that
every closed element in R⊗ 〈α, β, γ〉Q is exact. Every such α, β, and γ are of the form
α = a11 + tαb, β = a12 + tβb, γ = a22 + tγb for tα, tβ, tγ ∈ Q. But no choice of scalars
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fulfils the condition that
ϕ(X2α−X1β) = m112 + (tαX2 − tβX1)b
and ϕ(X2β −X1γ) = −m221 + (tβX2 − tγX1)b
are simultaneously exact: exactness of the first element would require (tα, tβ) = (0, 1),
whereas for the second one we need (tβ , tγ) = (0, 0).
Remark 7.4. We point out that the counterexamples 7.2 and 7.3 can be modified to
produce simply-connected compact manifolds. By Proposition 2.7 it suffices to
extend the cdga (C,D) to a cdga whose cohomology satisfies Poincare´ duality and check
that the arguments carry over.
To do this, choose any big enough degree N in which the fundamental class shall live.
We assume N ≥ 11 for convenience in the arguments below. Now introduce generators
e1, e2, and e3 in degree N − 5 and map them to 0 under the differential. In degree
N − 3, cohomology is now generated by the Xiej for 1 ≤ i, j ≤ 3. We introduce new
generators in degree N − 4 and map them (under the differential) to Xiej for i 6= j as
well as to X1e1 −X2e2 and X2e2 −X3e3. Let V
N−4 denote the space spanned by the
newly introduced generators. Now the cohomology in degree N −3 is 1-dimensional and
represented by any of the Xiei. Also, degree N − 2 cohomology is represented by be1,
be2, and be3 and cocycles in V
N−4 · 〈X1,X2,X3〉. Introduce new generators V
N−3 to kill
all cohomology of the latter kind in degree N − 2. Since the differential is injective on
C3 · V N−4, cohomology in degree N − 1 is entirely represented in V N−3 · 〈X1,X2,X3〉.
We kill this cohomology by introducing generators in V N−2.
We claim that in degree N , the elements of the form Xibei are not exact (although
they are cohomologous to one another). Indeed, since for i = N − 3, N − 2 the differ-
ential maps V i into the ideal generated by V i−1, it suffices to check whether e.g. X1be1
is in the image of C3 · V N−4, which is clearly not the case. We choose a complement of
〈[X1be1]〉 in degree N cohomology and introduce generators V
N−1 which map bijectively
to representatives of a basis of the complement. Now inductively kill all cohomology in
degrees > N . Representatives for a basis of the cohomology are given by
degree 0 2 3 5 N − 5 N − 3 N − 2 N
X1 X1b e1 be1
generators 1 X2 b X2b e2 Xiei be2 Xibei
X3 X3b e3 be3
and we observe that Poincare´ duality holds.
To check that the arguments in Examples 7.2 and 7.3 carry over, note first that both
the T 3-action defined by X1,X2,X3 as well as the T
2-action defined by X1,X2 are still
spherical: for R = Λ(X1,X2,X3), a generating set of the cohomology as an R-module is
given by 1, b, ei, and eib for i = 1, 2, 3. For R = Λ(X1,X2) we need to also add X3 and
X3b to the list. In any case, none of those generators become exact when dividing by
the ideal of R+ so both actions are spherical by Lemma 3.15. The arguments showing
that the actions are not (almost) MOD-formal took place only in the lower half of the
cdgas, which we did not modify.
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Example 7.5. We construct a MOD-formal action that is neither equivariantly
formal nor has a formal homotopy quotient. We expand on a discussion from
[28]. Consider the graded vector space H with Betti numbers 1, 0, 3, 0, 0, 1. For degree
reasons, all operations of a unital A∞-algebra structure on H vanish except form3 : H
2⊗
H2 ⊗ H2 → H5. In turn one checks that any specification of m3 does indeed yield an
A∞-structure, where the formal one is just given by the cohomology of S
2∨S2∨S2∨S5.
For an A∞-structure to be C∞ it is required that it vanishes on all shuffles. In our case
this is equivalent to m3 vanishing on all elements of the form a⊗b⊗c−a⊗c⊗b+c⊗a⊗b
for a, b, c ∈ H2. Let α ∈ H5 be a generator and let X,Y,Z ∈ H2 be a basis. Then by
setting m3(Z ⊗ Z ⊗ X) = α, m3(X ⊗ Z ⊗ Z) = −α, and m3(a ⊗ b ⊗ c) = 0 for all
other tensors with a, b, c ∈ {X,Y,Z}, we obtain a C∞-structure on H. We observe
that m3 vanishes on H
2 ⊗ A ⊗ A, where A = 〈X,Y 〉 is the sub-algebra of H (with
trivial multiplication) generated by X and Y . Consequently, the classes X,Y satisfy the
requirements of Remark 4.2 and we obtain a free MOD-formal T 2-action on a compact
space such that the orbit space has the rational homotopy type of (H,m3).
To see that this is indeed not the formal rational homotopy type, note that the only
nontrivial component of a C∞-morphism f : (H,m3) → (H,m
′
3) is f1, again for degree
reasons. Thus m3 and m
′
3 yield isomorphic C∞-structures if and only if f1 ◦ m3 =
m′3 ◦ (f1 ⊗ f1 ⊗ f1) for an automorphism f1 of the graded vector space H. In particular
(H,m3) and (H, 0) are not isomorphic.
Example 7.6. We construct a hyperformal action which is not spherical. Consider
the nilmanifold with model
(N, d) = Λ(y1, . . . , y5, z1, . . . , z4, d)
with dyi = 0, dzi = yiyi+1. The extension
(Λ(X1,X2), 0)→ (Λ(X1,X2)⊗N,D)→ (N, d)
with Xi of degree 2, Dz1 = X1 + y1y2, Dz4 = X2 + y4y5, and D = d on the other
generators is the model of the Borel fibration of a free T 2-action. By dividing out a
contractible ideal, we obtain a commutative diagram
(Λ(X1,X2), 0) //
))❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
(Λ(X1,X2)⊗N,D)

// (N, d)
(Λ(y1, . . . , y5, z2, z3), d)
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧
where the vertical map is a quasi-isomorphism with X1 7→ −y1y2, X2 7→ −y4y5, z1, z4 7→
0 and which is the identity on the remaining generators. Since y1y2y4y5 defines a
nonzero cohomology class in the lower cdga while (y1y2)
2 = (y4y5)
2 = 0, the kernel
of Λ(X1,X2) → H
∗(Λ(X1,X2) ⊗ N,D) equals (X
2
1 ,X
2
2 ). Hence the action is hyperfor-
mal.
Now consider the cocycle α = −y1y4y5z2 + y1y2y5z3 in the bottom cdga of the above
diagram. One checks that the cohomology class [α] is not in the algebra span of the
degree 2 classes which are represented by yiyj, y2z2, y3z2, y3z3, and y4z3. In particular
[α] does not lie in Λ+(X1,X2) ·H
∗(Λ(yi, z2, z3), d) with respect to the module structure
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defined by the diagram. However, it becomes exact in (N, d) where
α = d(y3z1z4 − y1z2z4 − y5z1z3).
This shows that the action is not spherical.
Example 7.7. We show the existence of a MOD-formal action that is not formally
based by constructing the cdga (ΛW,D) in the following way: introduce generators
X,Y in degree 2 and a, b, c in degree 3 with D(a) = X2, D(b) = XY , and D(c) = Y 2.
Then the kernel in degree 5 is generated by α1 = Y a − Xb and α2 = Y b − Xc. Now
introduce generators d and e in degree 4 and set D(d) = α1, D(e) = α2. At this point,
(ΛW≤4,D) has no cohomology in degrees 3, 4, and 5 while in degree 6 representatives
for a basis are given by α3 = Y d + ac + Xe, α4 = Xd + ab, and α5 = bc + Y e.
Now complete ΛW to a minimal cdga by inductively killing all cohomology starting
from degree 7. By Proposition 2.7, there is a free T 2-action on a compact space M
whose homotopy quotient MT 2 has (ΛW,D) as minimal model. One quickly sees that
(ΛW,D) is not formal because α1, α2, and α3 represent nontrivial quadruple Massey
products. However, we argue that it is formal as a Λ(X,Y )-module by constructing a
quasi-isomorphism ΛW → H∗(MT 2). We set this map to be the canonical projection in
degrees 0 and 2 and trivial in all other degrees except degree 6. In degree 6, we choose
the canonical basis given by the products of the generators and map Λ3W 2 and W 2 ·W 4
to 0 while sending ac, ab, and bc to [α3], [α4], and [α5]. It is easy to check that this map
does have the desired properties.
To see that the action is not formally based, we observe that for degree reasons the
only possible nontrivial operation of a unital C∞-structure on H = H
∗(MT 2) is
m4 : H
2 ⊗H2 ⊗H2 ⊗H2 −→ H6.
This map has to be nontrivial for every C∞-model structure because MT 2 is not formal.
But H∗(BT 2) = Λ(X,Y ) → H∗(ΛW,D) = H∗(MT 2) is surjective in degree 2 so the
requirements of Theorem 4.5 are not met.
Example 7.8. We give an example of an action on a homogeneous space which has
a formal homotopy quotient but does not have formal core with respect to a
smaller subalgebra of H∗G(X). Consider the action of the maximal diagonal torus T
4
on U(4) by multiplication from the left. If X1, . . . ,X4 ∈ H
2(BT 4) is the basis dual to
the standard basis of the Lie-Algebra of T 4 and R = Λ(X1, . . . ,X4), then the model of
the borel fibration is given as
(R, 0)→ (R⊗ ΛZ,D)→ (ΛZ, 0)
where Z is 4-dimensional and D maps a basis to the elementary symmetric polynomials
σ1, . . . , σ4 in the variables Xi. Now we make a change of basis by pulling back the action
along the automorphism φ of T 4 which, in the standard basis of the Lie algebra, is given
by the matrix
A =


1 0 0 0
0 1 −2 0
0 0 1 0
0 0 0 1

 .
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This induces an automorphism φ∗ of R which, in the basis X1, . . . ,X4, is represented by
At. The model of the Borel fibration of the new action is the same except D is replaced
by the differential D˜ which maps a basis of Z to the polynomials φ∗(σi). We consider
the splitting T 4 = T × T ′ with T consisting of the two circle factors on the left and T ′
of those on the right. We claim that the T -action on U(4)/T ′ has a formal homotopy
quotient but does not have formal core with respect to im (H∗(BT )→ HT (U(4)/T
′).
The model of the Borel fibration of the T -action is
(Λ(X1,X2), 0)→ (R ⊗ ΛZ, D˜)→ (Λ(X3,X4)⊗ ΛZ,D).
The middle cdga is formal so the action does indeed have a formal homotopy quotient.
Let S = Λ(X1,X2) and i : S → R be the inclusion. Then J := ker(S → H
∗
T (U(4)/T
′)) =
i−1(φ∗(I)), where I ⊂ R is the ideal generated by the σi. One computes that (φ
∗)−1 ◦
i(X1) = X1 as well as (φ
∗)−1 ◦ i(X2) = X2+2X3 and, using appropriate tools, we obtain
J = (X41 , 28X
3
1X
2
2 + 12X
2
1X
3
2 + 3X1X
4
2 ,X
6
2 ).
We recommend the freely available software Macaulay2 for such computations and the
ones that follow below. Let (C, d) be a relative minimal model of (S, 0) → (S/J, 0). It
is our goal to show that a morphism
(C ⊗ ΛZ ′, d)→ (R⊗ ΛZ ⊗ ΛZ ′, D˜)
can not be cohomologically injective, where the differentials map the generators Z ′ =
〈z1, z2〉 to X1 and X2. This follows for dimensional reasons: formality provides us with
quasi-isomorphisms
(C ⊗ ΛZ ′, d)→ (S/J ⊗ ΛZ ′, d) and (R⊗ ΛZ ⊗ ΛZ ′, D˜)→ (R/φ∗(I)⊗ ΛZ ′, d).
The cohomologies are thus given by
TorS∗ (S/J, S/(X1,X2)) and Tor
S
∗ (R/φ
∗(I), S/(X1,X2))
which can again be computed with standard software. Doing so, one finds the first one
to be nontrivial in degree 11 (in the cdga grading) while the second one is 0 in this
degree. It follows that the action has the desired properties. As a side note we want
to add that without the change of basis via φ, the analogous construction does yield an
action that has formal core with respect to im (S → HT (U(4)/T
′).
Appendix A. Differential graded modules and their minimal models
We construct minimal models of differential graded modules. The material is cer-
tainly not new: these kinds of models were introduced in [6], [15] (see in particular
Exercise 8 of Chapter 6 for the notion of minimality) and were also described in [4,
Appendix B]. Furthermore, the concept of minimality has been discussed in the more
general framework of model categories in [43], which applies to the setting of differential
graded modules (cf. [25]). More explicit applications of the general theory to differential
graded modules were discussed in [44]. However, the theory needed in this article can
be developed rather quickly (the proofs are mainly simplified versions of those for the
corresponding statements for cdgas), which we present for the convenience of the reader
and to be able to occasionally refer to the explicit constructions.
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A.1. Definitions and properties. Let k be some ground field and (R, d) be a cdga
over k.
Definition A.1. • A graded R-module is a graded k-vector space M together
with an R module structure for which the multiplication map R⊗M →M is a
graded map of degree 0.
• If a graded R-module carries a differential D of degree 1 such that D(a ·m) =
da ·m + (−1)ka ·Dm for any a ∈ Rk, then we call (M,D) a differential graded
R-module (dgRm).
• A morphism f : (M,DM ) → (N,DN ) of dgRms is a degree 0 map which is
R-linear and commutes with the differentials.
• A quasi-isomorphism of dgRms is a morphism that induces an isomorphism in
cohomology.
• Two morphisms f, g : (M,DM )→ (N,DN ) are homotopic if there is an R-linear
map h : M → N of degree −1 which satisfies f − g = DNh+ hDM .
In the definition above we restricted ourselves to morphisms of degree 0 to simplify the
language throughout the article. Also, in what follows we shall work under the following
assumptions: the cdga R is concentrated in non-negative degrees and is simply-connected
(i.e. R0 = k and R1 = 0). Furthermore all differential graded R-modules are assumed
to be bounded from below (i.e. there is some k ∈ Z for which M≤k = 0). We denote by
m = R+ the maximal homogeneous ideal in R.
Definition A.2. A dgRm (M,d) is minimal if M = R⊗ V is a free module over some
graded k-vector space V and im (d) ⊂ mM .
Proposition A.3 (Existence). For every dgRm (M,D) there is a minimal model, i.e.
a quasi-isomorphism ϕ : (R⊗ V, d)→ (M,D) from a minimal dgRm into (M,D).
Proof. Assume inductively that for some n we have constructed a map
ϕn : (R⊗ V
≤n, d) −→ (M,D)
from a minimal dgRm, which induces an isomorphism on cohomology in degrees up
to n and is injective in degree n + 1. Let A = coker(Hn+1(ϕn) : H
n+1(R ⊗ V ≤n) →
Hn+1(M,D), set d = 0 on A, and extend ϕn to R ⊗ A by linearly choosing represen-
tatives from (kerD)n+1. The resulting map ϕ′n+1 : R ⊗ (V
≤n ⊕ A) → (M,D) induces
an isomorphism in degrees up to n + 1. To achieve injectivity in degree n + 2, take
B = kerH(ϕ′n+1)
n+2, considered as a vector space in degree n+1, and extend d to B by
choosing a basis of B and mapping that basis onto representatives in (ker d)n+2. Setting
V n+1 = A⊕B, we can then extend ϕ′n+1 to a map ϕn+1 : (R⊗V
≤n+1, d)→ (M,D). As
R is simply-connected, the introduction of B in degree n+1 does not generate any new
cohomology in degree n + 2. Thus ϕn+1 is injective on degree n + 2 cohomology. Also
observe that d(B) ⊂ (R⊗ (V ≤n ⊕ A))n+2 is contained in m(V ≤n ⊕A) so this inductive
construction indeed yields a minimal model. 
Before discussing the fundamental properties of minimal models, we want to point out
that being homotopic is an equivalence relation on the set of morphisms between two
dgRms and is furthermore compatible with composition of morphisms. This is easily
verified and one of the points where the theory of dgRms is much easier than that of
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cdgas. Also, we will need the following formulation of homotopy: consider the complex
I = (〈p0, p1, p〉k, d), with p0, p1 in degree 0, p in degree 1 and dp0 = p, dp1 = −p, dp = 0.
It comes with two projections ij : I → k, j = 0, 1 defined by sending pj to 1 and the
other generators to 0. A homotopy h between two morphisms f, g : M → N induces a
morphism
H : M → I ⊗N
of dgRms by setting H(x) = p⊗h(x)+p0⊗f(x)+p1⊗g(x). In turn any such H defines
a homotopy between (i0 ⊗ 1N ) ◦H and (i1 ⊗ 1N ) ◦H.
Proposition A.4 (Lifting). Let f : (N,DN ) → (M,DM ) be a quasi-isomorphism and
ϕ : (R⊗ V, d)→ (M,DM ) a morphism from a minimal dgRm.
(i) If f is surjective there is ϕ˜ : (R⊗ V, d)→ (N,DN ) such that f ◦ ϕ˜ = ϕ.
(ii) There exists ϕ˜ : (R ⊗ V, d) → (N,DN ), unique up to homotopy, such that f ◦ ϕ˜ is
homotopic to ϕ.
Proof. We prove the existence of ϕ˜ in (i). Assume inductively that we have constructed
the lift ϕ˜ : R ⊗ V ≤n → (N,DN ) for some n such that ϕ|R⊗V ≤n = f ◦ ϕ˜. For any x
in a fixed basis of V n+1, we have dx ∈ R ⊗ V ≤n due to the fact that (R ⊗ V, d) is
minimal and R is simply-connected. As a result, ϕ˜(dx) is defined and closed. We have
f(ϕ˜(dx)) = ϕ(dx) = DMϕ(x) so ϕ˜(dx) is exact because f is injective on cohomology.
Choose y ∈ N with DNy = ϕ˜(dx) and observe that f(y) − ϕ(x) ∈ kerDM . We claim
that we find z ∈ kerDN with f(z) = f(y)− ϕ(x). If we do, we can extend ϕ˜ by setting
ϕ˜(x) = y−z which completes the induction. Since f is surjective on cohomology, we find
some a ∈ kerDN , b ∈ M such that f(a) = f(y) − ϕ(x) +DMb. Also f is surjective so
we find c ∈ N with f(c) = b. Thus the element z = a−DN c has the desired properties.
The existence in (ii) follows from (i) in the following way: Consider the acyclic module
(M ⊕ δM, δ), where the differential is an isomorphism δ : M ∼= δM and vanishes on δM .
This maps surjectively onto (M,DM ) bym 7→ m, δm 7→ DMm. So we obtain a surjective
quasi-isomorphism (N⊕M⊕δM,DN ⊕δ)→ (M,DM ). Now (i) yields the dashed arrow
in the diagram
N ⊕M ⊕ δM

// N
xxqq
qq
qq
qq
qq
qq
R⊗ V
77♦
♦
♦
♦
♦
♦
// M
in which the left hand triangle commutes and the right hand triangle commutes up to
homotopy. Composing with the arrow to N yields the desired lift.
Finally we argue that the lift is unique up to homotopy, which will be achieved by
lifting homotopies. We start by the observation that two maps ϕ˜1, ϕ˜2 : R⊗ V → N are
homotopic if and only if their compositions with N → N⊕M⊕δM are homotopic. This
holds because the latter map is a homotopy equivalence with the top horizontal arrow
of the above diagram as a homotopy inverse. Thus in what follows, we can assume f to
be surjective.
Consider the fiber product F = (I ⊗M)×M⊕M (N ⊕N), which is explicitly given by
F = {(x, y, z) ∈ (I ⊗M)⊕N ⊕N | (i0 ⊗ 1M (x), i1 ⊗ 1M (x)) = (f(y), f(x))}.
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The map ψ = (1I ⊗ f ⊕ i0 ⊗ 1N ⊕ i1 ⊗ 1N ) : I ⊗ N → F defines a surjective quasi-
isomorphism. This follows from a straight forward investigation of what it means to be
a (exact) cocycle in the two objects, which we leave to the reader. Now if ϕ˜1, ϕ˜2 : R ⊗
V → N are two morphisms such that f ◦ ϕ˜1 and f ◦ ϕ˜2 are homotopic via a homotopy
H : R ⊗ V → I ⊗M , then we obtain the map H ⊕ ϕ˜1 ⊕ ϕ˜2 : R ⊗ V → F . By (i) we
can lift this map through the surjective quasi-isomorphism ψ which yields a homotopy
between ϕ˜1 and ϕ˜2. 
Proposition A.5 (Uniqueness). A quasi-isomorphism between minimal dgRms is an
isomorphism.
Proof. Let ϕ : (R⊗V, d)→ (R⊗V ′, d′) be a quasi-isomorphism of minimal dgRms. This
induces a map ϕ : V ∼= (R ⊗ V )/mV → (R ⊗ V ′)/mV ′ ∼= V ′. We show that ϕ is an
isomorphism which implies that ϕ is an isomorphism as well.
Lifting 1R⊗V ′ through ϕ provides us with a morphism ψ : (R ⊗ V
′, d′) → (R ⊗ V, d)
such that ϕ ◦ ψ is homotopic to 1R⊗V ′ . By the definition of homotopy and minimality,
it follows that ϕ ◦ψ−1R⊗V ′ takes values in mV
′. In particular ϕ ◦ψ is an isomorphism,
where ψ : V ′ → V is defined analogously.
Since ψ ◦ ϕ ◦ ψ ◦ ϕ ≃ ψ ◦ ϕ, the uniqueness in Proposition A.4 implies that also
ψ ◦ ϕ ≃ 1R⊗V . Hence, as before, we deduce that ψ ◦ ϕ is an isomorphism as well.
Consequently ϕ is an isomorphism. 
Together, Propositions A.4 and A.5 imply the following
Corollary A.6. Two dgRms are connected by a chain of quasi-isomorphisms (that is
to say they have the same quasi-isomorphism-type) if and only if they have isomorphic
minimal models.
Let (R, 0) → (R ⊗ ΛV,D) → (ΛV, d) be a relative minimal Sullivan model for the
Borel fibration of an action of a compact Lie-group G on a space X, where R = H∗(BG)
is a polynomial ring and (ΛV, d) is the minimal model of X.
Definition A.7. The minimal dgRm-model of (R⊗ΛV, d) is called the (minimal) Hirsch-
Brown model of the action.
Remark A.8. One can show that it has the form (R ⊗ H∗(X),D) (see e.g. [4, Cor.
B.2.4]).
Appendix B. Strong homotopy algebras and modules
We give a brief summary of some basic definitions and results surrounding A∞-
algebras and modules. The aim here is to access the results we need while staying
as elementary as possible. For a more detailed introduction to the subject see e.g. [42],
[35], or alternatively [36] for the operadic viewpoint which we will occasionally refer
to. For a broader overview on the subject see [32]. In what follows, all vector spaces
are considered over a field k of characteristic 0. We will make use of the Koszul sign
convention:
(f ⊗ g)(a ⊗ b) = (−1)|g|·|a|f(a)⊗ g(b)
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if f and g are graded linear maps and a, b are homogeneous elements from the respective
domains of f and g. Also the general assumptions that all (commutative) differential
graded algebras are non-negatively graded and unital will be suspended within this
section (unless stated otherwise).
B.1. A∞- and C∞-algebras.
Definition B.1. An A∞-algebra is a graded vector space A together with linear maps
mi : A
⊗i → A of degree 2− i for each i ≥ 1, satisfying for each n the relation∑
(−1)jk+lmi(1
⊗j ⊗mk ⊗ 1
⊗l) = 0
where the sum runs over all decompositions j + k + l = n with k ≥ 1 and i = j + l + 1.
While the equations may look complicated at first glance, they take a familiar form if
n is small: for n = 1 we obtain m21 = 0 so m1 is a differential. For n = 2 we obtain the
statement that m1 is a derivation with respect to the binary product m2. In general m2
is not associative but it is so up to a homotopy given by m3 in the equation for n = 3.
Definition B.2. The cohomology of (A;mi) is the cohomology of the chain complex
(A,m1).
By the discussion above, the product m2 induces a product on cohomology. This
product is associative giving the cohomology the structure of a graded algebra.
Remark B.3. Any ordinary differential graded algebra (A, d) can be considered as an
A∞-algebra by taking m1 to be d, m2 the multiplication in A, and mi = 0 for i ≥ 3.
Before we turn our attention to the definition of a morphism between A∞-algebras, let
us reinterpret the defining equations. We define the suspension sA of A via (sA)n = An+1
and also denote by s : A → sA the canonical isomorphism of degree −1. Consider the
reduced tensor coalgebra
TsA = sA⊕ (sA⊗ sA)⊕ . . .
and the map TsA → sA of degree 1 which, on n-tensors, we define to be bi = −s
−1 ◦
mi ◦ s
⊗i. This map extends uniquely to a coderivation b of TsA by setting
b|sA⊗n =
∑
i+k+l=n
1⊗ksA ⊗ bi ⊗ 1
⊗l
sA.
The equations in Definition B.1 are equivalent to the fact that b2 = 0. In particular
there is a one-to-one correspondence between A∞-structures on A and codifferentials of
the coalgebra TsA.
Definition B.4. The differential graded coalgebra (TsA, b) is called the bar construction
of (A;mi) and denoted BA.
Remark B.5. The transition from the mi to the bi is not canonical and there exist
different sign conventions in the literature, giving rise to different signs in the definition
of A∞-algebra. We stick to the ones used e.g. in [35] and [38].
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A morphism between A∞-algebras (A;mi) and (C;mi) can just be defined as a mor-
phism of differential graded coalgebras f : BA→ BC. By the universal property of the
cofree coalgebra, such a morphism is defined by the projection f : BA→ sC. This data
is equivalent to a collection of maps fi : A
⊗i → C of degree i− 1 such that on i-tensors,
f is given by s−1 ◦ fi ◦ s
⊗i. The condition of f being a morphism of differential graded
coalgebras translates, for each n, to the equation∑
(−1)jk+lfi(1
⊗j ⊗mk ⊗ 1
⊗l) =
∑
(−1)smk(fi1 ⊗ . . .⊗ fik),
where the left hand sum runs over all decompositions n = j + k + l with k ≥ 1 and
i = j + 1 + l and the right hand sum runs over all decompositions n = i1 + . . .+ ik and
s =
∑
1≤α<β≤k
(iα)(iβ + 1)
which we could take as an alternative definition of morphism. The equations show that
f1 : A → B is always a chain map with respect to the differentials m1 on A and C.
Therefore it induces a map H∗(A) → H∗(C). We call f a quasi-isomorphism if f1
induces an isomorphism on cohomology.
We briefly introduce the concept of homotopy for morphisms of A∞-algebras. Consider
the dg-coalgebra (I, d) where I has basis e in degree −1 and e0, e1 in degree 0. The
differential is defined by d(e) = e0 − e1 and the coalgebra structure is defined by ∆e =
e0 ⊗ e+ e⊗ e1, ∆e0 = e0 ⊗ e0, and ∆e1 = e1 ⊗ e1. If A is an A∞-algebra, we may form
the coalgebra BA⊗I together with the two inclusions i0 and i1 mapping BA to BA⊗e0
and BA⊗ e1 and the projection p : BA⊗ I → BA which maps x⊗ e+ x0 ⊗ e0 + x1 ⊗ e1
to x0 + x1. Then p is a quasi-isomorphism and p ◦ ik = 1BA (see [35, 1.3.4.1]).
Definition B.6. We say two morphisms f, g : A → C are homotopic if there is a mor-
phism of coalgebras h : BA⊗ I → BC with h ◦ i0 = f and h ◦ i1 = g.
There is also a commutative version of A∞-algebras defined as follows:
Definition B.7. Let (A;mi) be an A∞-algebra.
(i) The shuffle product on TsA is defined by
(a1 ⊗ . . . ⊗ an) ∗sh (an+1 ⊗ . . .⊗ an+k) =
∑
σ∈Sh(n,k)
(−1)s(σ)aσ(1) ⊗ . . . ⊗ aσ(n+k)
where sh(n, k) consists of all permutations σ with σ(i) < σ(j) whenever i < j and
either 1 ≤ i, j ≤ n or n+1 ≤ i, j ≤ n+ k. The sign s(σ) is given by the usual sign
of the action of the symmetric group on the graded space (sA)⊗n+k.
(ii) (A;mi) is called a C∞-algebra if the maps mi◦(s
−1)⊗i vanish on all shuffles in TsA
(note that applying (s−1)⊗i to elements of word length i ≥ 2 changes signs by the
Koszul sign rule).
(iii) A morphism of C∞-algebras is a morphism f of A∞-algebras such that the maps
fi ◦ (s
−1)⊗i vanish on all shuffles in TsA.
Remark B.8. From an operadic viewpoint, the commutative version of an A∞-algebra
would be to consider the free Lie coalgebra instead of the free coalgebra as we did in
the bar construction of an A∞-algebra (cf. [45]). One can prove that the definition of a
C∞-algebra above is equivalent to such a structure (see [36, Prop. 13.1.14]).
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We conclude this section by introducing the unital and augmented versions of the
previous structures. We consider the ground field k as a cdga concentrated in degree
0. All of the following notions for C∞-algebras have obvious analogous definitions for
A∞-algebras which we will not repeat.
Definition B.9. (i) A strictly unital C∞-algebra is a C∞-morphism η : k → (A;mi)
such that
mi(1A ⊗ . . .⊗ 1A ⊗ η ⊗ 1A ⊗ . . .⊗ 1A) = 0
for i ≥ 3 and m2(1A ⊗ η) = m2(η ⊗ 1A) = 1A. A morphism of strictly unital
C∞-algebras is a morphism of the underlying C∞-algebras that commutes with the
units.
(ii) An augmented C∞-algebra is a strictly unital C∞-algebra A together with a strict
morphism ε : A→ k of strictly unital C∞-algebras. By ε being strict we mean that
the only nontrivial component is ε1. A morphism of augmented C∞-algebras is a
morphism of the underlying strictly unital C∞-algebras that commutes with the
augmentations.
We point out that there is an equivalence of categories between C∞-algebras and
augmented C∞-algebras. In the presence of an augmentation ε, one can consider the
non-augmented C∞-algebra ker ε with the induced structure. Conversely, for any C∞-
algebra (A;mi), we can consider A⊕k with the unique strictly unital C∞-structure that
agrees with the mi on A, where the unit and augmentation are given by the canonical
inclusion and projection of k. The two constructions are naturally inverse to another. All
notions such as quasi-isomorphisms or homotopy carry over to the augmented setting.
Remark B.10. If A is strictly unital, concentrated in positive degrees and A0 = k, then
it is naturally augmented by projecting onto the degree 0 component.
B.2. A∞-modules.
Definition B.11. Let (A;mi) be an A∞-algebra. An A∞-A-module structure on a
graded vector space M is a collection of maps mMi : M ⊗A
⊗i−1 →M of degree 2− i for
each i ≥ 1, satisfying for each n the relation∑
(−1)jk+lmMi (1
⊗j ⊗mk ⊗ 1
⊗l) = 0
where the sum runs over all decompositions j + k + l = n with k ≥ 1, i = j + l+ 1, and
the expression 1⊗j ⊗mk ⊗ 1
⊗l is interpreted as mMk ⊗ 1
⊗l whenever j = 0.
Let TsA = k ⊕ TsA be the free augmented coalgebra with comultiplication
∆TsA(x) = x⊗ 1 + ∆TsA(x) + 1⊗ x.
As before, the above data defines a map sM ⊗ TsA→ sM of degree 1 which we define
to be −s ◦ mi ◦ (s
−1)⊗i on sM ⊗ sA⊗i−1. Said map can be extended uniquely to a
differential d on the cofree comodule sM ⊗ TsA as in the following
Lemma B.12. Let V be a vector space and (C,∆C , dC) a differential graded coalgebra.
Then any linear map d : V ⊗ C → V can be coextended uniquely to a coderivation d of
the co-free comodule V ⊗ C by setting
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d = 1V ⊗ dC + (d⊗ 1C) ◦ (1V ⊗∆C).
For counitary coalgebras this yields a one-to-one correspondence of maps d and coderiva-
tions d.
Definition B.13. The cofree differential graded comodule (sM ⊗ TsA, d) is called the
bar construction of (M ;mMi ) and denoted BM .
A morphism of A∞-modules is defined as a dg-comodule map f between the respective
bar constructions. Such a map f : BM → BN is determined by the projection
f : sM ⊗ TsA→ sN
and can thus be expressed by a collection of maps fi : M ⊗ A
⊗i−1 → N of degree 1− i
such that f = s ◦ fi ◦ (s
−1)⊗i on word length i. The fact that f commutes with the
differentials of the bar constructions translates to the equations
∑
(−1)jk+lfi(1
⊗j ⊗mk ⊗ 1
⊗l) =
∑
mk+1(fi ⊗ 1
⊗k)
for every n ≥ 1, where the left hand sum runs over all decompositions n = j + k + l,
k ≥ 1 and the right hand sum runs over all decompositions n = i+ k, i ≥ 1. From this,
f is reconstructed by just setting f = (f ⊗ 1TsA) ◦ (1sM ⊗∆TsA).
As for A∞-algebras, the operationm
M
1 of an A∞-module (M ;m
M
i ) is a differential and
we define the cohomology ofM as that of the chain complex (M,mM1 ). If f : (M ;m
M
i )→
(N ;mNi ) is a morphism of A∞-modules, then the above equation for n = 1 implies thatf1
is a chain map. Thus we obtain a map H∗(M) → H∗(N) on cohomology. We call f a
quasi-isomorphism if the map on cohomology is an isomorphism.
Remark B.14. As for A∞-algebras, if (A, d) is a regular dga, the category of classical
dg-modules over A can be seen as a subcategory of A∞-A-modules. Just define the
operation mM1 to be the differential, m
M
2 to be the multiplication map of the module,
and mMi = 0 for i ≥ 3.
Remark B.15. If (A;mi) is an A∞-algebra, it is in particular an A∞-module over itself
because TsA = A⊗ TsA.
We discuss how A∞-modules behave with respect to maps of the underlying A∞-
algebras. Analogous to the case of regular modules, a morphism f : (A;mi) → (C;mi)
of A∞-algebras yields a restriction functor from A∞-C-modules to A∞-A-modules. If
(M ;mMi ) is a C-module and fi : A
⊗i → C are the components of f , then the A-module
f∗M is defined by
mf
∗M
i =
∑
(−1)smMr+1(1M ⊗ fi1 ⊗ . . .⊗ fir)
where the sum runs over all decompositions i− 1 = i1 + . . .+ ir for r = 1, . . . , i− 1 and
s =
∑
1≤α<β≤r
iα(iβ + 1) +
r∑
j=1
(ij − 1).
In the language of the corresponding bar constructions BM and Bf∗M , this can
be understood as the pullback of the differential along the map f : BA → BC in the
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following sense: the differential on BM = (sM ⊗ TsC, d) is the coextension of the
projection d : sM⊗TsC → sM (see Lemma B.12). Then the corresponding differential of
Bf∗M = (sM⊗TsA) is the coextension of d◦(1sM⊗f
+) where f+ = (1k, f) : k⊕TsA→
k ⊕ TsC.
Lemma B.16. Consider a commutative triangle
(R;mi)
f
//
h
%%❑
❑❑
❑❑
❑❑
❑❑
(A;mi)
g

(C;mi)
of A∞-Algebras. Then g induces an A∞-module homomorphism between the A∞-R-
module structures induced on A and C by the morphisms f and h.
Proof. Let dA, dC , dR be the differentials of the bar constructions BA, BC, BR of A∞-
algebras and let d+A, d
+
C , d
+
R denote the extensions to TsA, TsC, TsR by sending k to
0. Also denote by πA : BA→ sA and πC : BC → sC the projections and set g = πC ◦ g
as well as dA = πA ◦ dA, dC = πC ◦ dC .
We want to define a map ϕ between the bar constructions of A and C when con-
sidered as A∞-modules over (R;mi). Explicitly, the bar constructions are given as
(sA⊗ TsR,DA), (sC ⊗ TsR,DC), where DA and DC are the coextensions (in the sense
of Lemma B.12) of
DA = dA ◦ (1sA ⊗ f
+) and DC = dC ◦ (1sC ⊗ h
+).
We define ϕ : sA⊗ TsR→ sC to be the composition g ◦ (1sA ⊗ f
+) and define ϕ to be
the coextension of ϕ, that is ϕ = (ϕ ⊗ 1TsR) ◦ (1sA ⊗∆TsR). It remains to check that
ϕ commutes with the differentials, which can be confirmed on cogenerators: we need to
prove that DC ◦ ϕ = ϕ ◦DA and calculate
ϕ ◦DA = g ◦ (1sA ⊗ f
+) ◦ (1sA ⊗ d
+
R + (DA ⊗ 1TsR) ◦ (1sA ⊗∆TsR))
= g ◦ (1sA ⊗ (f
+ ◦ d+R) + (dA ⊗ 1TsA) ◦ (1sA ⊗ f
+ ⊗ f+) ◦ (1sA ⊗∆TsR)
= g ◦ (1sA ⊗ d
+
A + (dA ⊗ 1TsA) ◦ (1sA ⊗∆TsA)) ◦ (1sA ⊗ f
+)
= g ◦ dA ◦ (1sA ⊗ f
+)
= dC ◦ g ◦ (1sA ⊗ f
+)
= dC ◦ (g ⊗ g
+) ◦ (1sA ⊗∆TsA) ◦ (1sA ⊗ f
+)
= dC ◦ (g ⊗ g
+) ◦ (1sA ⊗ f
+ ⊗ f+) ◦ (1sA ⊗∆TsR)
= dC ◦ (1sC ⊗ h
+) ◦ (ϕ⊗ 1TsR) ◦ (1sA ⊗∆TsR)
= DC ◦ ϕ,
where we have identified TsA = sA⊗ TsA and TsC = sC ⊗ TsC. 
Lemma B.17. Let f, g : (A;mi) → (C;mi) be two homotopic morphisms between A∞-
algebras. Then the two induced A-module structures on C are quasi-isomorphic.
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For the proof we will need the following result ([32, Section 6.2], [35, The´ore`me
4.1.2.4]). The notion of homotopy category is recalled in the next section.
Theorem B.18. Let f : (A;mi) → (C;mi) be a quasi-isomorphism of A∞-algebras.
Then the restriction functor defines an equivalence between the homotopy categories
D∞A and D∞C of the categories of A∞-modules over A and C.
Proof of the lemma. With the terminology of Definition B.6, it suffices to show that the
restrictions of the BA⊗ I-module h∗C along i0 and i1 are quasi-isomorphic, where h is
a homotopy between f and g. Since p is a quasi-isomorphism, restriction along p defines
an equivalence D∞BA → D∞BA ⊗ I so h
∗C is quasi-isomorphic to p∗M for some dg-
BA-comodule M . But this means that i∗0(h
∗C) is quasi-isomorphic to i∗0(p
∗M) = M
and the same holds for i1. 
B.3. On the homotopy categories. Let C be one of the categories of augmented dgas,
augmented cdgas, or dg-A-modules, where A is a fixed dga with unit. Also let C∞ be
the corresponding category of either augmented A∞-algebras, augmented C∞-algebras,
or strictly unital A∞-modules over A. The latter is defined as the full subcategory of
A∞-modules (M ;m
M
i ) over A such that mi(1M ⊗1A⊗ . . .⊗1A⊗ η⊗1A⊗ . . .⊗1A) = 0
for i ≥ 3 and m2(1M ⊗ η) = 1M , where η : k → A is the unit of A. We have seen that
there is an inclusion of categories C → C∞ (see Remarks B.3 and B.14). The category C∞
is much larger in the sense that it contains many new objects and morphisms. However,
it does not introduce new quasi-isomorphism types. Hence C∞ can be very useful when
studying the category C up to quasi-isomorphism.
Let Ho(C) and Ho(C∞) denote the homotopy categories of C and C∞ which are defined
as the localizations of the respective category at the set of quasi-isomorphisms. The
categories C and Ho(C) have the same objects and two of them are isomorphic in Ho(C)
if and only if they are connected by a zigzag of quasi-isomorphisms in C (analogous for
C∞).
Theorem B.19. The inclusion C → C∞ induces an equivalence of categories Ho(C) ≃
Ho(C∞).
For A∞- and C∞-algebras this follows from [36, Thm. 11.4.12] which covers the
general setting of homotopy algebras over Koszul operads and naturally carries over to
the augmented case through the equivalence at the end of Section B.1. The case of
A∞-modules over A was proved in [35, Lemma 4.1.3.8, Prop. 3.3.1.8]. A similar result
on A∞-modules is more explicitly stated in [32, Section 4.3], however referring to the
previous reference for proofs.
B.4. Minimal models and formality. It has long been known that Massey products
form an obstruction to formality. Conversely, the uniform vanishing of all Massey prod-
ucts implies formality. This idea of uniform vanishing is best captured by seeing Massey
products as the higher operations in an A∞-structure on the cohomology. The following
theorem goes back to [29] and [30]. It has since been generalized in the language of
operads [36, Theorem 10.3.15].
Theorem B.20. Let (A;mAi ) be an A∞-Algebra (resp. C∞-algebra). Then there is an
A∞- (resp. C∞-)algebra structure (H
∗(A);mi) on the cohomology such that
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• m1 = 0 and m2 is the product induced by m
A
2 .
• there is a quasi-isomorphism (H∗(A);mi)→ (A;mi) of A∞- (resp. C∞-)algebras
lifting the identity on cohomology.
This structure is unique in the sense that two of them are isomorphic via an isomorphism
of A∞- (resp. C∞-)algebras whose first component is the identity.
We will refer to the quasi-isomorphism H∗(A)→ A as a minimal model for A. More
generally we will call an A∞-(resp. C∞-)algebra minimal if the operation m1 vanishes.
The operations mi, i ≥ 3 of the minimal model are also referred to as the higher Massey
products. There are several known formulas which compute these operations from the
A∞-structure on A (see e.g. [40], [36]). We quickly recall the original construction by
Kadeishvili ([31, Theorem 1]) of how to compute the minimal A∞-model of a dga. It
was shown in [38] that the same construction yields a minimal C∞-model when applied
to a cdga.
Let (A, d) be a (c)dga. Set m1 = 0 and let f1 : H
∗(A) → A be a cycle choosing
homomorphism. Assume inductively that fi andmi have been constructed until i = n−1.
Define the operator Un : H
∗(A)⊗n → A as U1n + U
2
n where
U1n =
n−1∑
k=1
(−1)k(n+k+1)fk · fn−k
U2n = −
n−1∑
k=2
n−k∑
i=0
(−1)ik+n+k+ifn−k+1(1
⊗i
A ⊗mk ⊗ 1
⊗n−i−k
A ).
One can check that Un maps to cocycles and we define mn := [Un]. Now choose fn in a
way that dfn = f1mn − Un.
Remark B.21. If (A, d) is a formal cdga, then it has a minimal Sullivan model (ΛV, d)
with a splitting V =W1 ⊕W2 such that d(W1) = 0 and any closed element in the ideal
generated by W2 is exact. In the construction of the minimal C∞-model, fn (n ≥ 2) can
be chosen to have image in the ideal generated by W2 which yields mn = 0 for n ≥ 3.
The converse statement of the remark is also true (see e.g. [28, Theorem 8]):
Theorem B.22. A cdga (A, d) is formal if and only if it has a minimal C∞-model of
the form (H∗(A);mi) with mi = 0 for i 6= 2.
We will also make use of the following observations. A minimal model as in (ii) will
be called a unital minimal model.
Lemma B.23. (i) Let ϕ : A→ B be a cohomologically injective morphism of (c)dgas.
Then for arbitrary choices of the fAn in the construction of the minimal model
(H∗(A);mAi ) above, we can choose the maps f
B
n for the construction of (H
∗(B);mBi )
in a way that ϕ∗ ◦mAn = m
B
n ◦ (ϕ
∗)⊗n and ϕ ◦ fAn = f
B
n ◦ (ϕ
∗)⊗n.
(ii) The A∞- (C∞-)minimal model of a unital (c)dga A can be constructed in a way that
H∗(A) → A is a morphism of strictly unital A∞- (C∞-)algebras. If A is formal,
then the construction of the unital minimal model is compatible with Remark B.21.
(iii) If ϕ : A → B is a cohomologically injective morphism of unital (c)dgas and A is
formal, then the unital minimal model of B can be constructed such that mBn ◦(ϕ
∗)⊗n
vanishes for n ≥ 3.
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Proof. In the situation of (i) we choose any cycle choosing homomorphisms fA1 . Due to
the injectivity of ϕ∗ we can define fB1 in a way that ϕ◦f
A
1 = f
B
1 ◦ϕ
∗. Assume inductively
that we have constructed mAn−1, m
B
n−1, f
A
n−1, and f
B
n−1 such that the statement of the
lemma holds. By the formulas in the construction we also have ϕ ◦ UAn = U
B
n ◦ (ϕ
∗)⊗n.
As a result
ϕ(fA1 m
A
n − U
A
n ) = (f
B
1 m
B
n − U
B
n ) ◦ (ϕ
∗)⊗n.
Now for any choice of fAn we can define f
B
n on im (ϕ
∗)⊗n to be ϕ ◦ fAn ◦ ((ϕ
∗)⊗n)−1 and
complete the definition arbitrarily on a complement. Then fAn , f
B
n , m
A
n , and m
B
n satisfy
the desired properties.
For the proof of (ii) we can choose f1 such that it maps 1 ∈ H
∗(A) to 1 ∈ A. The
map f2 can be chosen such that f2(1⊗a) = f2(a⊗ 1) = 0 for all a ∈ H
∗(A). From there
one proves inductively that Un vanishes on a1⊗ . . .⊗ an, whenever n ≥ 3 and aj = 1 for
some 1 ≤ j ≤ n, and thus also fn can be chosen equal to 0 on this kind of tensor. If A is
formal and has a minimal Sullivan model (ΛV, d) as in Remark B.21, then we can choose
fn to have image in the ideal generated by W2 whenever we want fn to be nontrivial.
Finally, (iii) results from the fact that the choices made in (i) and (ii) can be per-
formed in a compatible way: as in (ii), we construct the unital minimal model of A such
that the higher operations vanish. Then the condition fBn |im (ϕ∗)⊗n = ϕ◦f
A
n ◦((ϕ
∗)⊗n)−1
already implies that fBn vanishes on pure tensors in im (ϕ
∗)⊗n which have the unit as a
factor. Thus we can extend this partial definition of fBn in a way that produces a unital
minimal model of B as in (ii). 
Remark B.24. We have only discussed minimal models of A∞- and C∞-algebras but
analogous concepts do exists for A∞-modules.
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